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PREFACE 



can be classified, and direct intuition sometimes furnishes 
a mental image which a deductive "proof" may only 
weaken. 

There is, however, an intellectual satisfaction in realizing 
the unity and coherence of apparently distinct propositions, 
and our ultimate test of the truth of a theory or of a story 
is its perfect consistency with all its surroundings. 

In trying to pay due respect to these principles we 
have been led — 

(1) To consider the historical order of development of 
the subject, as indicating almost infallibly the line of least 
resistance. 

(2) To lay stress on the practical utility of the science 
by showing its connection with machines of daily use. 

(3) Not to lay great stress on rigour of deduction. 
Jumping to correct conclusions is not a serious intel- 
lectual fault. 

We are much indebted to Professor Ewing, Director of 
Naval Education, for permission to make use of questions 
set at recent naval examinations, and to Professor C. 
Niven for similar permission as to questions set at the 
University of Aberdeen. The Controller of His Majesty's^ 
Stationery Office has allowed us to use some questions^ 
marked Army, set at recent examinations. 

We wish to acknowledge with gratitude the advantages 
we have derived from the ripe experience and grea*^ 
powers as a mathematician of Professor Hart, under who 1 
we served for many years at the R.M. Academy, and fro> 
the generous aid which our friend Mr. W. M. Rober" 
has given us in reading the proof-sheets. 
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2 FORCE 

Body. — We have spoken in the last paragraph of a 
body. This term is used to denote any definite object 
having weight. It will be noticed that this definition 
comprises not only complete objects in the ordinary sense 
of the word, but also any specified portion of sucb an 
object. Thus the body under consideration "might be an 
object such as a book or a ladder, or a brick in a wall, or a 
link in a chain, or the top inch of a lead pencil. 

Force. — A Force is the name given to any action 
which will cause a body to move, or which will stop it or 
turn it aside if it is already moving. If a body is let go 
and left quite unsupported, it will fall to the ground. 
According to our statement it is set in motion by some 
force, and this force is called the weight of the body. 

We are quite accustomed to apply forces to various 
objects by muscular effort, and we have only to think over 
our experience to feel sure that a body which starts into 
motion from a state of rest always does so because some 
force has acted on it. If we saw a book which had been 
resting on the table suddenly rise slowly into the air, we 
should feel sure that in some way a force had been applied 
to it, and we should not be content until we found out 
i( how it was done." 

Though our notion of "force" is undoubtedly derived 
from our sensations of muscular effort, yet these sensations 
furnish us with but an imperfect means of comparing 
forces, just as we cannot rely on our sensation of heat to 
give us the temperature of a body. For instance, we cannot 
distinguish by our sensations between the weights of two 
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line when the ring is at rest ? Are the readings of the 
two balances the same ? 

The answers to these questions suggest an important 
principle, namely — If a body is at rest and two, and only 
two, forces are applied to it, which do not disturb it from 
its position of rest, they must be equal and act in opposite 
directions in the same straight line. The student may 
suggest that two men might try to pull the lid off a 
packing-case and yet not move it, though they were 
pulling in the same direction. In this case, however, 
additional forces come into play, namely, the resistance 
of the nails to be drawn out ; and so the lid is not acted 
on by only two additional forces. 

Action and Eeaction. — When a weight is hung from 
a spring balance it pulls the spring down. The spring, 
on the other hand, prevents the weight from falling 
by applying an equal upward pull to it. This is an 
illustration of a more general result, which may be stated 
thus — Whenever two bodies exert force on one another the 
forces are equal in magnitude and opposite in direction. 

This was enunciated by Newton in the words, " actioni 
contrariam semper et sequalem esse reactionem : sive 
corporum duorum actiones in se semper esse sequales et 
in contrarias partes dirigi." — " To every action there is an 
equal and opposite reaction, or the actions between two 
bodies are always equal and directed opposite ways." 
Newton's own comment on this law is as follows 
(Principia, Motte's translation, ed. 1803, p. 15) — 

" Whatever draws or presses another is as much drawn 
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or pressed by that other. If you press a stone with your 
finger the finger is also pressed by the stone. If a horse 
draws a stone tied to a rope the horse, if I may so say, 
will be equally drawn back towards the stone, for the dis- 
tended rope by the same effort to relax itself will draw the 
horse as much towards the stone as it does the stone to- 
wards the horse, and will obstruct the progress of the one 
as much as it advances that of the other." 

The Balance.— Every one is familiar with the use of a 
pair of scales. Indeed the balance may be described as 
the oldest and the most universally known of scientific 
instruments. Among the Egyptians, many thousands of 



years ago the balance was already a symbol of justice 
and retribution. The figure, from the British Museum, 
represents the balance in which the soul of the dead man 
was supposed to be weighed in the Hall of the Dead. Our 
first object will be then to study the principle of tha\w.W«fe. 
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Experiment 2. 

A ruler x can turn about an axis above its centre. The 
ends of the axis rest on supports, which are at the same 
level. The ruler will take up a position of rest, about 
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which it should oscillate if slightly disturbed. It is well 
to see that it does so oscillate, so that we may be sure 
that it is free to turn about the axis. If we attach equal 
weights, say J lb. each, at equal distances on each side of 
the centre, it will be found that the ruler will come to rest 
iu its former position. The experiment should be repeated, 
using different weights. We conclude that equal weights 
hung at equal distances from the axis of a lever will not 
disturb it from its position of rest. 

Experiment 3. 

The question immediately arises what would be the 
effect of hanging weights at unequal distances from the 
axis of a lever. Hang a weight, say of 4 lbs., at 9 inches 
from the axis or fulcrum. Find by trial what weight 
hung at distances of 1, 2, 3, 4, 6, 9 inches on the other side 
will maintain the lever in its horizontal position of rest. 
Notice that if a slight addition is made to the balancing 
weight on one side, the ruler begins to move, and will no 

1 There is no difficulty in constructing this piece of apparatus 
with an'ordinary 12-inch wooden ruler and a knitting-needle as axis. 
It can, however, be purchased from Messrs. Cusson, of Manchester, 
Messrs. Becker, and no doubt elsewhere. 
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longer remain in a horizontal position. Draw up a table 
of weights in the following form — 



Distance from fulcrum. 


Weight keeping the lever horizontal. 







You will probably conclude that the law may be 
expressed thus — 

If a horizontal lever balances about its fulcrum 
and weights are attached to it one on each side, so 
that it still balances, then the weight on one side 
multiplied by its horizontal distance from the 
fulcrum is equal to the weight on the other side 
multiplied by its horizontal distance from the 

FULCRUM. 

We may express the conclusion by a formula. If under 
the same circumstances as before a weight P at a distance 
a from the fulcrum balances a weight Q at a distance 6 
from the fulcrum, then Pa = Q6. 

Experiment 4. 

We shall now endeavour to test more closely the law 
suggested by the previous experiment. The beam of the 
balance (i. e. the ruler) is to be kept horizontal by means 
of a spring balance, with one end fixed to the ground 
and the other to one end of the beam, say, 9 inches from 
the fulcrum. If the |-lb. weight is now suspended from 
the other arm at distances 1, 2, 3,4, etc. inches from the 
fulcrum, the weight at the ottier end leopiwi toYass^ 
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the balance at rest may be read off directly on the spring 
balance. The results should be entered in a table thus — 



Distance of weight from 
fulcrum. 



Reading of spring 
balance. 



Reading we should expect 

to obtain, judging from the 

preceding experiment. 



Should you expect to obtain the same reading from a 
given pull on the spring balance, whether the balance is 
upside down or erect ? Can you see how to avoid any 
error on this account in the experiment? 



Use of Squared Paper. — We may adopt a different 
method of exhibiting the information contained in the 
table. Taking some squared paper, set off from a fixed 
point horizontal distances equal to those in the first 
column of the table, and at each point reached measure 
off a vertical distance proportional to the corresponding 
reading of the spring balance. The student must use his 
common-sense here and act as if his diagram were to be 
framed and hung up. It would be absurd to frame a 
large sheet of paper with a small picture or diagram in 
one corner of it. 

The student should first notice the range of quantities 
to be represented. Here the horizontal distances vary 
from 1 to 9 inches, while the vertical distances have to 
represent weights, which vary from \ to 4£ lbs. He 
should next note the size of the sheet of paper available 
for the diagram, and choose to represent the quantities 
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It naturally occurs to us to consider whether the total 
force on the fulcrum depends on the position of the 
weights. This may be easily tested by suspending the 
lever from a spring balance in place of the support 
previously employed. The tension or pull of the string 
will be indicated by the reading of the spring balance. 
Take a series of readings for various positions and weights, 
such as those mentioned on page 8, and enter them in 
a table in the following manner — 



Sum of weights. I Headings of balance. 



1. 
o 

3. 



4. 



Are the numbers in the two columns equal or nearly 
so ? To what cause do you attribute any difference ? 
What is the weight of the lever itself? You will probably 
conclude that the difference of the results in the two 
columns is due to the weight of the lever, and if you 
have used a lever of appreciable weight, the reading of 
the spring balance will indicate that the force on the 
fulcrum is equal to the sum of the weight of the lever 
and the weights suspended from it. In other words, the 
force exerted by the lever on the fulcrum is a downward 
pull equal to the sum of the weights, while the force 
exerted by the fulcrum on the lever is an upward pull 
equal to the sum of the weights. 
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Resultant. — We perceive that as far as the effect on the 
fulcrum is concerned, a single force, P + Q, applied at O is 
exactly equivalent to the separate forces P and Q (see figure, 
p. 19). The force P + Q at O is said to be the resultant of 
P at A and Q at B. Observe that P and Q have a tendency 
to bend the lever round O, which the resultant would not 
have. If, therefore, we desire to investigate the bending 
of the lever we cannot replace the two forces by their 
resultant. Notice that when the points A and B are 
given the position of O can be found. A few simple 
numerical examples will make this clear. 

Examples. 

1 . A stick 5 feet long balances about a point 2 feet from one end. 
If a weight of 60 lbs. is hung from that end, what weight is required 
at the other end to balance it? What is the pressure on the fulcrum? 

2. A pencil 7 inches long has weights of 1 lb. and J lb. attached 
to its ends. At what point must it be supported for these weights 
to balance ? (We shall see subsequently how to allow for the weight 
of the pencil, but as its weight is only about J oz., we naturally 
anticipate that its effect on the position of the fulcrum will be 
small, so neglect it for the present.) 

3. Two men carry a weight by means of a horizontal pole 7 feet 
long. If the weight = 1 cwt., and if it is attached to a point 3 feet 
from one end, find how the weight is distributed between the two 
men. (Neglect the weight of the pole.) 

The two conclusions at which we have arrived, 
(1) Pa =• Qfi, and (2) pressure on the fulcrum = P + Q, 
have been deduced from the results of experiment. 
Experimental results, however, do not agree exactly, but 
only approximately with these laws. Attempts have 
been made from the earliest times to deduce these laws 
by a process of strict mathematical reasoning fayrci 
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axioms, which will be accepted by every one. The axiom 
which has been usually adopted is that a uniform heavy 
rod will balance about its middle point. This was looked 
upon not as an experimental truth but as obvious apart 
from experiment. From this axiom the principle of the 
lever was deduced by Archimedes (287-212 B.C.). It was 
afterwards employed in a somewhat different manner 
by Stevinus of Bruges (1548-1G42 A.D.), and by Galileo 
(15G4-1642 A.D.). Folio wiug Prof. Mach (Science of 
Mechanics, p. 12) a sketch of the proof is here given. 






The figure represents a straight uniform rod, 1 AB, 

1 If we prepared a number of rods, making each as nearly straight 
as possible, as nearly the same thickness as possible, and as nearly 
uniform (that is, as nearly the same weight per inch) as possible, 
we should rind that each balanced about a point, which was very 
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Hence the resultant of 771 lbs. at F and n lbs. at Q is 
m + n lbs. at 0. 

Centre of Gravity of Uniform Heavy Lever. — We com- 
menced our previous experiments by ascertaining a 
position for the fulcrum about which the lever would 
balance, without weights attached. We shall now pro- 
ceed to examine how to make the lever balance about 
any point. 

Experiment 6. 

Fix the support at a known distance from the end A of a 
heavy rectangular metal rod, and denote the point of support 
by O. (Flat bar iron or brass can be obtained in various 
sizes, a piece 18 in. x 1 in. x \ in., weighing about 1 \ lbs., 
would be suitable. A narrow strip of squared paper, to 
serve as a scale, can be gummed along it.) First find the 
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weight of the lever itself, then using the spring balance 
find what pull at A will hold the lever in a horizontal 
position. What, in your opinion, is the force which, acting 
on the other side of the lever, balances the pull at A ? 
Measure or read off on the scale the length AO. Com- 
pute at what point, C, a force equal to the weight of the 
lever should act, in order to balance the pull at A? What 
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according to this computation is the length of AC ? If 
you repeat this experiment for varying positions of O, you 
should find that AC is the same length in every case. 
The bar is probably very uniform in breadth and thick- 
ness, and if so the point C will be very nearly at its centre. 
This experiment suggests that, for the purpose of balancing 
a uniform straight lever, its weight may be regarded as a 
force acting at its centre. 

Centre of Gravity. — Anticipating the results of sub- 
sequent work, we may here state that, in the case of 
every body, there is a point termed its Centre of Gravity, 
through which its weight may be supposed to act when 
we are considering the forces acting on it as a whole. If 
the body is supported by an axis, which passes through 
it centre of gravity, the body will rest in any position. 

Illustrations and Examples. 

The applications of the principle of the lever in 
ordinary daily life are almost innumerable. The student 
should try to discover additional illustrations for himself. 

Examples. 

4. "What do you think are the essentials of a fair set of weights 
and scales ] (Weights correct, arms equal, balances when no weights 
are on, turns freely.) 

5. The correct weight of a body can be found even if the balance 
has unequal arms. Put the body to be weighed into one scale-pan 
and counterbalance it with shot or sand, then remove the body and 
in its place put weights until the shot or sand is again balanced. 
The sum of these weights gives the weight of t\\e\>o&y , 
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6. Another mode of obtaining the correct weight of a body, using 
a balance having unequal arms, is as follows — 



i a. i 

r *- 








Denote the true unknown weight of the liody by x, and let 6 and 

a be the lengths of the right- and left-hand arms of the balance 

respectively. Place the body in the left-hand scale-pan and place 

weights in the other pan till it is balanced. Let these weights 

amount to W x lbs. By the principle of the lever we have xa = Wj6, 

W b 
and therefore x = - * . If we could measure a and b accurately or 

find their ratio, this equation would give us x. But in a balance as 
ordinarily constructed the direct measurement would be extremely 
difficult. The ratio may be determined by putting a known weight 
W 2 into the left-hand scale-pan and balancing it with known weights 
(sum = W 3 ) in the other pan, then W L /f = W 3 6, and therefore 

w 2 - w 3 - 

Double Weighing. — In practice, without actually determining 
the ratio a to ft, we can get rid of it by placing the body in the right- 
hand scale-pan and balancing with known weights, Wg, in the other 
scale-pan. This leads to the equation W/r = xb. Combining this 

x W 

equation with the previous one, namely xa = Wjfc, we get ^ = — *, or 

"2 X 

x 2 = WjWg, or x = VW^W-j- This method is known as the method 
of double weighing, and is sometimes employed when great accuracy 
is required. 

7. A body appears to weigh 20 grms. when placed in one scale-pan 
of a balance and 21 grins, when placed in the other scale-pan. 
What is the true weight of a body which appears to weigh 10 
grms. when placed in the first scale-pan, supposing the difference 
due to unequal length of the arms of the balance ? 
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8. The handle of a pump (see figure) is a rod, AB, 4 feet long, 
pivoted so as to turn about a point C, 
6 inches from B. If a downward * ■ - 
force of 25 lbs. is applied at A, 
what is the upward pull exerted on 
the piston-rod at B ? 

9. A contrivance for raising and 
moving buckets of water, used in 
China, Egypt and India, consists of a long pole, AB (say 16 feet 
long), pivoted at a point C (say 3 feet from A), and weighted at A so 
as to balance about C. The bucket is attached at B and the work- 
man lifts it by pushing A downwards. If the bucket weighs 16 
lbs., what force must the workman exert to raise it 1 

A similar contrivance is used by fishermen in various parts of the 
world for raising and lowering a net. 

Lever replaced by Circular Disc. — We have hitherto dealt 
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with straight horizontal levers. Let us consider a uniform 
circular disc, which can turn freely in a vertical ^laua atara&» 
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its centre O. Suppose two small drawing-pins, inserted 
at points A and B on a horizontal diameter, and 
weights P and Q hung from them, to balance one 
another. Comparing this case with that of a straight 
lever AB, which balances at O, it is at once apparent 
that the relation between P and Q is the same as if the 
disc were replaced by this straight lever, and therefore 
Pa = Q&, where OA = a, OB = b. Draw vertical lines on 
the disc through A and B and put drawing-pins at any two 
points A l and B x on these lines respectively. It appears 
evident that if P and Q were hung from A l and B x instead 
of from A and B, the disc would still be at rest; and, 
further, that the relation between P and Q is the same 
as if they were hung from a beut lever AjOB^ which 
balanced about 0. We can now enunciate the principle of 
the lever in a form that is applicable to a lever of any shape. 
Two vertical forces, P and W, applied to a lever tending 
to turn it in opposite directions will balance one another, 
if the product of P and the length of the perpendicular 
from the fulcrum O on the line of action of P is equal to 
the product of Q, and the length of the perpendicular from 
the fulcrum on the line of action of Q. 

» 
Moment of a Force about a Point. — To shorten this 

lengthy statement a technical term is introduced. The 

product " P multiplied by the length of the perpendicular 

from the fulcrum O on the line of action of P " is termed 

" tho moment of P about 0," and so the principle may 

be stated thus — 

Two vertical forces, P and Q, applied to a lever tending 
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to turn it in opposite directions will balance, if their 
moments about the fulcrum are equal. 

The Roman Steelyard. — This consisted of a heavy lever 
hung up from a fixed point. The object to be weighed 
was hung from the short arm, and balanced by a known 
weight {e.g. 10 lbs.), which could be moved along the long 
arm until equilibrium was attained. The longer arm was 



graduated so that the weight of the object could be read 
off from the position at which the movable weight main- 
tained equilibrium* The figure represents an ancient 
Roman instrument of bronze found in Gloucestershire, 
dating from the Roman occupation of Britain. 

Examples. 

[In Examples 10-14 the lever is uniform, the shorter arm | foot 
long and the longer arm 2 feet long.] 

10. What should be the weight of the scale-pan in order that the 
lever, whose weight is 5 lbs., may balance when no load is on, and 
movable weight is off 1 

11. What should be the weight of the scale-pan if the lever is to 
balance with no load on, when the movable weight of 16 lbs. is 
2 inches from 6? 

12. What is the greatest load which the steelyard in the preceding 
question could weigh ? 
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13. Find the position of the marks, indicating the position of the 
movable weight, for loads weighing 10, 15 and 20 lbs. 

\\. Draw a graph showing the relation between the weight of the 
load and the distance of the movable weight from the fulcrum, and 
hence show how to graduate the instrument so as to indicate the 
weight of the load in pounds. 

15. Given the length and weight of the lever and the weight of 
the scale-pan, how would you find from what point to suspend it so 
that it would remain horizontal ? 

16. Suppose a steelyard found in good condition, but without a 
movable weight, how would you find the proper movable weight to 
use with it ? 

17. A tradesman employs a Roman steelyard for weighing his 
goods. The travelling weight is 4 ozs., the knife-edge of the scale- 
pan is 5 inches from the fulcrum, and the zero mark is 2 inches 
from the fulcrum, on the opposite side from the scale-pan. Having 
lost the travelling weight he employs in its place one of 8 ozs., 
multiplying the readings of the instrument by two. Find whether he, 
or his customers, gains by the change, and by how much. 

18. A light rod, 12 inches long (whose weight may be neglected), 
is suspended in a horizontal position by two vertical strings, each of 
which can just sustain 100 lbs. What is the greatest weight that 
can be hung from (1) the centre of the rod, (2) a point 2 inches from 
the centre, without breaking a string 1 Assume the strings to remain 
vertical and the rod to remain horizontal. 

19. Leonardo da Vinci proposes the following question (Duhem, 
p. 157)— 

" To try a man, and see whether he really understands the nature 
of weights, ask him at what point one should cut one of the equal 
arms of a lever, in order that the piece cut off, tied on to the end of 
the remainder, may exactly balance the opposite arm. If he tells 
you how much to cut off he is no mathematician." Examine 
this. 

20. A man applies a vertical downward force P to a handle, 
whereby he raises a weight W by a rope which coils up on a 
horizontal cylinder. 

Calculate the magnitude of P when the angle which the handle 
makes with the horizontal is 0°, 20°, 40°, 60°, 80°, taking W= 
100 lbs., length of handle 24 inches, radius of cylinder 4 inches. 

What would happen if the handle were vertical ? 
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work necessary to raise a weight can be effected by using" 
a lever. 

To simplify matters we will assume, either that the centre 
of gravity of the lever is exactly at the fulcrum or else that 
the weight of the lever is so small, in comparison with the 
other forces acting, that we may leave it out of account. 

Suppose AB a straight horizontal lever whose fulcrum 
is at O. Let AO = a and BO = b. Suppose a weight Q at 
B is balanced by a vertical force P at A. We know that 
Pa = Qb. Let the lever be brought to the position AxOBj ; 
the weights P and Q will still balance one another, for tbe 



condition that they should do so is that P x OM = Qx ON, 
AjM and B X N being perpendicular to AB. But we know 

that P x OA = Q x OB, also that ^ = °5 Multiply- 

ing the corresponding sides of these two equations together, 

P x OA x OM Q x OB x ON _, . „ 

we have grv = — — OB ' or X 

= Q x ON. 

Since the forces P and Q balance at every instant as the 
lever is turned from the position AOB to the position 
A^Bi, it follows that a force slightly greater than P would 
cause the movement from the one position to the other to 
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experimental purposes we may employ a con} coiled on 
the rim of the wheel to which a weight is attached. As 
the rope coils up on the barrel the cord uncoils from 
the rim, and we see that at every instant the apparatus 
furnishes a horizontal lever AOB, and that P will con- 
sequently balance W if P x A = W x OB. 

Let the radius of the wheel = 18 inches, 
„ „ „ barrel = 4 

Let W = weight = 40 lbs. 

Find the force P that will balance the weight. A 
force somewhat greater than your answer will raise W. 
How far must the weight P descend in order to raise the 
weight W 5 feet ? 

Fulcrum at one End. — In the cases hitherto considered 
the forces P and Q have been on opposite sides of the 
fulcrum. It is clear, however, that the weight Q could be 
supported by an upward force applied on the same side 
of the fulcrum as Q. The force P required to Support Q 
in any given position could be found experimentally by 
a spring balance. 

Experiment 7. 

Arranging a lever as in the figure, take a series of 
observations of values of P and Q and state the law con- 
necting P and Q. 

The law might, however, be deduced from the preceding 
case in the following manner — 

Let downward pulls W at C and Q at B balance on 
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the lever as in the figure, then we know that W X OC 
= Qx OB. Let upward pulls P at A and W at C balance 
one another on the same lever, then P x OA = W x OC, 
and it is evident that the four forces applied simultaneously 



oG 



c 



o 



B 



A 



would balance one another. The pulls at C balance one 
another and may be removed, and thus P at A will 
balance Q at B, provided P x OA = Qx OB. 



Examples. 

22. Wheelbarrow. — In the figure A is the handle, B the axle 
of the wheel, and the weight may be supposed always to act in a 
vertical line through C. When 
the barrow is on the ground AB is 
horizontal, and C 8 inches above 
the middle point of AB. * 

If AB is 40 inches and W = 160 
lbs., find the vertical force at A 
necessary to just raise the barrow. 

What vertical force is necessary to hold the barrow witli AB 
inclined to the horizontal at 10°, 20° ? 

23. Wire-nippers. — Suppose the wire to \>e \ mOa. Vtovsv *0&r. 
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fulcrum and the pressure to be applied to the handles 8 inche 
from the fulcrum, what force must be exerted on each handle to 
produce pressures of 200 lbs. on each cutting edge ? 

What reaction must the fulcrum exert against each limb of the 
nipjiers ? 

Any Parallel Forces. — We have hitherto considered the 
lever .as subjected to vertical forces. The restriction 
to vertical forces may, however, be removed in the 
following manner. To simplify the argument we shall 
consider a lever whose weight may be left out of 
account. 

We have already noticed that if a lever balances 
about O, in the position AOB when weights P and 
Q are attached to it, it will still balance after being 
turned through any angle into the position A 1 OB 1 (see 

figure). The balancing of the forces 
depends only on their magnitudes 
and positions relative to the lever. 
If we had supposed the directions 
of the forces (figure) to be turned 
through the angle a, the same 
^ a positions of the forces relative to 
Q the lever would have been obtained. 
It appears then that the condition which we have proved 
for vertical forces is true for any case of parallel forces, 
and we realize that the pressure on the fulcrum is parallel 
to the directions of the given forces. Considering the 
forces that keep the lever at rest or in equilibrium, we 
have the two given forces P .and Q and the pressure 
of the fulcrum on the lever. This pressure is equal in 
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the equilibrium of the body on which they act. It is 
incorrect to say that they maintain it in equilibrium, for 
this implies that if they ceased to act the body would 
no longer be in equilibrium ; it is still more incorrect to 
say that they are in equilibrium of themselves. These 
two phrases, however, are convenient for their brevity 
and are universally employed. 

We have already stated that \i three parallel forces, 

p Q T> 

P, Q, R, satisfy the equations ^ = 2* = -r^, a force 

equal and opposite to R is the resultant of P and Q. It 
is equally the case that the resultant of any two of the 
forces is a force equal and opposite to the third. It is 
usual to speak of parallel forces which have the same 
direction as like parallel forces, and those which are in 
opposite directions as unlike. 

Examples. 

24. Find the magnitude of the resultant, its distance from A, and 
its direction in the following cases — 

Like Forces. 

(«) P = 10, Q = 1, AB = 11 inches. 

(b) P = 10, Q = 10, AB = 11 „ 

(c) P = 10, Q = 100, AB = 11 „ 

25. Two like parallel forces of magnitudes 12 lbs. and 9 lbs. act 
in lines 3 feet apart. Find their resultant in magnitude, position and 
direction. 

2G. Two unlike parallel forces of magnitude 7 lbs. and 5 lbs. 
have their lines of action 3 feet apart. Find their resultant in magni- 
tude and draw a diagram showing its position and direction (scale, 
1 inch to 1 foot). 
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27. Two like parallel forces of 5 lbs. and 4 lbs. act on a body at a 
distance of 18 inches apart. To what single force are they equivalent ] 

28. A cutting knife, ABC, turns about a pivot at one end, A, it is 
pressed downwards by a handle at B, and cuts an object at C. If 
AB = 10 inches, AC = 4 inches, what pressure is exerted on the 
object at C by a downward force of 5 lbs. at B ? 

29. A uniform log 6 feet long weighing 4 cwts. rests on supports 
2 feet from one end and 6 inches from the other end. What is the 
pressure on each support ? 

[The student is recommended to draw a figure to scale. The 
centre of the log is 1 foot from one support and 2£ feet from the 
other support. 

If O is centre of the log, A the left-hand support and B the right- 
hand support, then AO = 1 foot, OB = 2 J feet. If P and Q are the 
pressures on> the supports, then— 

P _ Q _ R 
OB ~ OA ~ AB' 

JL - _9. - 4 cwts. 
2±~ 1 ~ 3J 
.-. P = 2f cwts. and Q = If cwts.] 

30. A straight uniform lever 5 inches long weighing 3 lbs. can turn 
freely about one end, and is in equilibrium when acted on by two 
parallel vertical forces of 7 lbs. and 5 lbs. respectively. The force 
of 7 lbs. acts vertically upwards at the free end. Find the point of 
action of the force of 5 lbs. 

31. A uniform rail, ABCD, 20 feet long, weighing 56 lbs. per foot, 
rests on a prop at C, and is pressed downwards by a jjrop at B. If 
AB = 3 feet and BC = 4 feet, and the rail ABCD is horizontal, find 
the pressures at B and C. 

32. A uniform plank, ABC, of length 12 feet and weight 80 lbs. 
rests on two supports at A and B, one at the end A and the other 
4£ feet from the end C. A boy walks along the plank from A to C, 
and just as he reaches C the plank commences to tilt. Find the 
weight of the boy. 

33. A bar, LMN, rests in a horizontal position in contact with two 
fixed pegs M, N, and a weight of 20 lbs. hangs from the end L. If LM 
be 13 inches and MN be 8 inches, find the reactions of the pegs. 
Determine also the change in their values if the weight be moved x 
inches nearer to M. 

34. Two men carry a weight of 1 cwt. on a bar whosa lsw^ta. S& 
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8 feet and which weighs 7 lbs., an end of the bar resting on the 
.shoulder of each man. Where must the weight be placed on the bar 
if the pressures supported by the men are in the ratio 8:91 

35. The horizontal roadway of a bridge weighing 8 tons is 12 yards 
long, and rests on similar supports at its two ends. What pressure 
is exerted on each of its sujiports when a cart weighing 2 tons is one- 
quarter of the way across \ 

36. A uniform horizontal girder weighing 21 cwts. rests sym- 
metrically on supports whose centres are 20 feet apart. What will 
be the pressures on the supports when there is an additional load of 
20 cwt?. at 8 feet from the centre of the left-hand support of the 
girder. 

37. A uniform beam of oak 10 feet long, weighing 240 lbs., is 
to be carried by three men, one at an end, the other two each taking 
one end of a short stick passed under the beam. How must the 
stick be placed if each man is to support one-third of the load 1 

[Consider the resultant force of the two men as acting on the 
beam.] 

Is there any common-sense reason against putting one man at each 
end of the beam and one at the centre ? 



CHAPTER II 

Imagine two boys, pulling each with a force of 50 lbs. 
trying to move a big roller by means of two ropes. 

If the two ropes are not parallel it is clear that the 
combined efforts of the boys are not equivalent to a single 
force of 100 lbs. It is also clear that there is some single 
pull which would have the same effect towards moving the 
roller as the two pulls of 50 lbs. We should like to find 
this single force. 

Resultant. — The problem may be stated in a more de- 
finite and abstract form as follows. Two forces of given 
magnitudes are applied at a given point of a body in given 
directions. Find their resultant, that is to say, find the 
single force which, applied to the given point, will produce 
the same effect on the body as the two given forces. 

A force equal and opposite to the resultant and acting 
in the same line would neutralize it, and would conse- 
quently neutralize the original forces. As in the case of 
parallel forces, this force equal and opposite to the resultant 
is called the eqxtilibrant of the two original forces. 

The student may suggest that the two forces which the 
boys exert might not be applied to the same point of the 
roller. This is true, and we shall consider the more 

3i 



32 FORCES AT A POINT 

general problem of two forces applied at different points 
of a body subsequently. 

An expression in the statement of the problem seems to 
require explanation. We have spoken of the forces as 
applied " at a point." In geometry any straight line that 
we can draw possesses breadth, but we reason about an 
ideal straight line which has no breadth, and find that our 
conclusions are, to a certain extent, correctly realized in the 
figures that we draw. The forces which we are considering 
are applied to small areas or portions of the surface of a 
body. In certain cases these areas are very small, as for 
instance the surface of contact of a piece of cotton with a nail 
to which it is tied. In such cases we reason about ideal 
forces applied at a geometrical point, and we find that our 
conclusions are to a certain extent correctly realised in the 
objects with which we deal. 

Experiment 1. 

Two hooks are screwed into the top corners of a vertical 
blackboard. Spring balances are slipped over these hooks 
and threads attached to them knotted to a thread to which 
a weight R, say of 10 lbs., 1 is attached. 

Slipping behind the threads a sheet of paper fixed to 
a drawing-board the lines of the threads can be marked 
on the paper by pricking through at two or three points on 
each thread as far apart as possible. If you prick the 
paper at the side of the thread, instead of through it, is 
any error necessarily caused ? It is as well to prick 
through three points on each thread. The line through 

1 The weight suitable depends on the kind of spring balances used. 
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of two forces of 6 and 4 lbs. is not in general a force of 
10 lbs., and further experiments of the same sort which 
the student can arrange himself will indicate that the size 
of the resultant depends on the inclination as well as on 
the size of the two original forces. 

Examples. 

1. What is the equilibrant of P aud R, at an inclination AOG % 

2. Under what circumstances will the resultant of two forces of 
4 and 6 lbs. be equal to 10 lbs. ? 

Experiment 2. 

By means of the same apparatus find the resultant of 
two forces of 5 lbs. each at inclinations of 60°, 90° and 
120°. How nearly do you think your angles are correct ? 

We have seen that the resultant, or the equilibrant, of 
two forces may thus, in manageable cases, be found experi- 
mentally. Our next problem is : Given the magnitude and 
direction of two forces acting at a point, to predict, 
without experimenting, the magnitude and direction of 
their resultant. All we have found at present is that 
we do not find the resultant by simply adding the forces 
together. 

Geometric Addition. — To assist us in detecting the solu- 
tion let us consider a familiar instance in which difference 
of direction plays a part. Consider three straight roads 
forming a triangle ABC. 

If I walk from A to B, and then from B to C, the result 
that I have arrived at C is the same as if I had walked 
from A to C, that is to say, the result, as regards final 
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position, of adding a movement from B to C on to a move- 
ment from A to B is the same as that of a movement from 




A to C. We may express this fact by saying that the 
geometric sum of AB and BC is AC. 

Example. 

3. A is due west of B ; and a boat has to sail from A to B. Owing 
to the direction of the wind it is obliged to sail north-east, then tack 
and sail south-east. If it runs five miles on each tack how much 
distance has it made good towards the port 1 

To completely specify a force we require to know 
(1) its magnitude, say 5 lbs., (2) its direction, 1 say " ver- 
tically downwards," or horizontal and due east. 

1 Some writers regard the direction of a force as ambiguous, and 
add the word sense, saying that the direction of a force is vertical and 
its sense downwards. The authors quote and desire to adopt, as ex- 
pressing their own view, the following remarks of Mr. E. P. Culver- 
well as to this : " Not only does it seem utterly opposed to common 
language to say that two persons walking straight away from each 
other are walking in the same direction but in opposite senses, but 
it masks the fact that in plane geometry + and - signs indicate 
changes of 180° in direction ; and, further, the word sense seems quite 
superfluous, as ' same direction ' and ' opposite direction ' answer 
the purpose equally well." — Mechanics, Preface, p. vii. 
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It will be noticed that the place at which the force is 
applied does not form part of the specification of the force. 
The effect of the force in tending to move or break a body 
on which it acts will depend on the place at which it is 
applied. 

Thus a force of 10 lbs. acting vertically downwards is 
completely specified. The statement " a body is acted on 
by a force of 10 lbs. vertically downwards " is not complete, 
for the point in the body at which the force is applied is 
not stated. 

Representation of a Force by a Straight Line. — We can 

convey the information necessary to specify a force by 
means of a straight line. From any point draw a straight 
line in the direction in which the force acts. Make the 
length of the line proportional to the magnitude of the force. 

This line, provided we know the number of pounds 
which each inch of it represents, and which end is the 
starting-point, specifies the force. 

It is sometimes convenient to insert an arrow-head in the 
line in order to show the direction of the force. 

Examples. 

4. Suppose your paper to represent a horizontal plane. Take a 
length of an inch to represent a pound, and draw a line to represent 
a force of 3 lbs. acting towards the north. 

5. Draw a line to represent, in a convenient manner, a horizontal 
force of 250 lbs. due to a west wind. 

6. Suppose your paper to represent a vertical plane, and draw a 
line to represent a forec of 2*4 tons acting vertically downwards. 

Observe that the representation does not include a representation 
of the point of application of the force. 
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If the line representing a force is lettered, e. g. AB, it is 
understood that the starting-point is named first. Thus 
the line AB represents a force acting in the direction 
from A towards B. An equal and opposite force would be 
represented by the line BA. 

A B 

Are Forces added together by Geometric Addition ? — The 
fact that a force may be so suitably represented by a 
straight line may suggest that the method of geometric 
addition may apply to forces also. 

If so the following proposition should be true. If two 
forces acting at a point O in a plane are represented 




B 




by two straight lines AB, BC, their resultant will be repre- 
sented by the third side, AC, of the triangle ABC, and 
their equilibrant by the side CA. 

By the word "represented" we mean represented on the 
same scale as regards magnitude, and also represented in 
direction. 
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Example. 

7. Take the results of your previous experiment (No. 1) and, 
assuming the proposition just stated, find the resultant of the forces 
P and Q acting at the given inclination. Compare the result with the 
value 11 found for the resultant by experiment. 

You will probably conclude that the two values are 
sufficiently near to justify us in testing the supposition 
further. What is the discrepancy in the values of the 
magnitude ? What is the difference in the direction of 
the resultant? 

The case in which the lines AB, BC are at right angles 
is very suitable for a further test, as the necessary calcu- 
lations are simple, for we know geometrically that in this 

case 

AC = VAB 2 + BC 2 , 

and hence if our supposition is correct we ought to find 

R = s/P 2 "+ Q 2 . 



Experiment 3. 

Fasten a sheet of squared paper to a vertical board, in 
the top left-hand corner of which a hook is screwed. A 
spring balance hung from the hook carries a weight of, say, 
2 lbs. by a thread. A second spring balance has a thread 
fastened to it and knotted to the other thread. The 
second balance is drawn aside by hand, keeping the thread 
fastened to it horizontal, and the readings of the balances 
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are taken. The second balance is then drawn aside a little 
further, still keeping the thread horizontal, and another 



set of readings taken. Several readings may be thus taken 
and the following table completed. 



| Magnitude 
1 Tertical force. 


Magnitude 

horizontal 


oblique force 
by 


Magnitude of 
hypothesis. 


Discrepancy. 


j 2 It-. 











Compare the direction predicted by the 
found by experiment for the resultant. 



Triangle of Forces, Parallelogram of Forces. — We have 
now some grounds for assuming the truth of the following 
proposition : If two forces acting at a joint ate TeprmuMtX 
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by two straight lines AB, BC, their resultant will be repre- 
sented in magnitude and direction by the third side y AC, of 
the triangle ABC. 

The question whether the same rule will furnish the 
resultant of two forces applied at different points of a body, 
or indeed whether two such forces have a resultant, remains 
open for the present. Notice that the representation of 
the forces does not include a representation of their point 
of application. 




> Q 




We perceive at once that either of the triangles ABC 
or ADC in the figure would equally serve to represent the 
two forces P, Q, and their resultant It. But these two 
triangles make up a parallelogram, lettered ABCD in the 
figure, and the proposition might therefore be stated thus. 
If two forces acting at a point are represented by straight 
lines AB, AD, drawn from a common starting-point A, 
their resultant is represented by the diagonal AC of the 
parallelogram whose sides are AB and AD. 

Historically the proposition originated in this form, which 
is universally known as the " parallelogram of forces." 

It was first enunciated in a general form by Newton 
(1642-1727) in the year 1687, and in the same year by the 
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French mathematicians Varignon (1654-1722) and Lami 
(1640-1715). 

What representation is furnished by the parallelogram 
of forces of the equilibrant of two forces ? 

It is an obvious consequence of the " parallelogram " of 
forces that two given forces acting at a point in given 
directions have only one resultant and only one equilibrant. 

Examples. 

8. Assuming the truth of the parallelogram of forces, find the 
resultant of two equal forces of 5 lbs. acting at angles of 20°, 40°, 
60°, 80°, 90°, and 120° with one another. Compare Experiment 2 
and examine the effect of each angle being 1° more than it is supposed 
to be. 

9. Find the direction and magnitude of the resultant of two forces 
of 8 and 15 lbs. at right angles to one another. 

10. The resultant of a force of 10 lbs. and another force inclined 
to it at 50° is 25 lbs. What is the magnitude of the other force 1 

It should be noticed that the expression " the angle 
between two straight lines " is ambiguous, for in general 
two straight lines make an acute angle with each other 
and also an obtuse angle. On the other hand, the angle 
between the directions of two given forces is a perfectly 
definite angle. 

Let us now consider how the resultant of two forces at a 
point alters as the angle between the forces changes. We 
may for this purpose suppose that the larger of the forces, 
represented by OA, remains fixed, while the smaller, 
represented by OB, revolves about O. The diagonal OC 
of the parallelogram, of which OA and OB are adjacent 
sides, represents the resultant. As OB revolve iW ^\a\T^ 
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describes a circle with O as centre, while C describes an 
equal circle with A as centre. As the angle AOB is 
diminished the resultant OC approaches the value OA 
4- OB as nearly as we please by taking the angle sufficiently 
small. So if the angle is increased up to two right angles 

^ B C 




the resultant may be made to differ from OA — OB by as 
small a quantity as we please. For, in the figure it is plain 
that OCi = OA + OB and OC 2 = OA-OB. For any 
intermediate position the magnitude of the resultant will 
lie between these two values. 



Example. 

11. What is the greatest angle which the resultant of two forces 
of given magnitudes at a point can make with the greater force 1 
Construct it geometrically. If the larger force is 13 lbs., and the 
smaller 5 lbs., find the magnitude of the resultant when it makes the 
greatest possible angle with the larger force. Find this angle. 

The experiment No. 1 gave results which were not 
in exact accordance with the proposition. Our previous 
experience in practical geometry should assist us in detect- 
ing possible causes of the discrepancy. 
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How nearly can you read the spring balances ? 

How accurately can you fix the positions of the threads ? 

Find as well as you can the maximum error due to these 
causes. 

If we repeat the experiment with more accurate 
appliances we shall expect that if the proposition is true 
we shall obtain experimental results which agree more 
closely than before with prediction. Instead of spring 
balances we shall use weights attached to fine threads 
passing over pulleys. 



Use of a Pulley for changing the Direction of a Force. — 
When a fine thread is placed over a 
pulley which can turn about a fixed 
axle or axis so that equal lengths 
hang down on either side, and equal 
weights are fastened to the threads, 
no movement will take place how- 
ever easily the pulley can turn on 
its axle. This statement may be 
regarded as self-evident, or we may 
compare the pulley to a lever with 
equal arms (see page 6). 

If weights are attached to the 
threads and the pulley does not move, are we entitled to 
say that the weights must be equal ? If the pulley is 
perfect, yes. But if the pulley is stiff and hard to turn the 
weights may be far from equal and yet the pulley may not 
move. Our pulley may be easy to turn and yet not perfect. 

In an actual experiment with equal \re\3g0ta c& V*> 
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lb. on each side, it was found that an additional weight 
of - 009 lb. on one side was required before the system 
moved. This result indicated that with this particular 
pulley weights of about this amount hung from the ends 
of a string passing over the pulley must be equal within, 
say, 1 per cent., if motion did not ensue. 

Experiment 4. 

Try the experiment with the pulley supplied to you. 
Examine the effect of oiling the pulley or adjusting the 
screws. Try also whether there is any difference in the 
sensitiveness of the pulley according as the loads are large 
or small. 

If an unknown weight on one side is balanced by a 
weight of \ lb. on the other side of the pulley you are 
using, between what limits does the unknown weight lie? 



We frequently use a pulley turning on a fixed axis to 
enable us to apply a given force to a body by means of s 
weight as in the diagram. 

The foregoing experiments will help us to see that the 
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more freely the pulley runs the more nearly will the pull at 
A be equal in magnitude to the weight W. 

Taking as in previous instances an ideal state of things, 
to which the reality will only be a more or less close * 
approximation, we say that the tension of a string passing 
round a smooth pulley at rest is the same on either side. 

Experiment 5. 
Equilibrium of Three Forces acting at a Point. — Two 
pulleys are fixed to the edge of a vertical drawing-board 
and a fine thread is passed over them. To a knot 




in the thread between the pulleys attach another thread 
and fasten weights to the three free ends of the threads. 
Observe that the knot is acted on by three forces, viz. the 
tensions or pulls in the three threads. These pulls are by 
the preceding article equal in magnitude to tbe tl\\s& 
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weights respectively. Any one of these forces is the 
equilibrant of the other two. If our proposition is correct 
these three forces are capable of being represented by the 
sides of a triangle, and consequently any two of them must 
be greater than the third. 

Notice that unless the sum of any two of the weights is 
greater than the third weight the knot will rush in the 
direction of the largest weight, and there will be a general 
collapse. 

Notice also that if one of the weights is drawn slightly 
aside and let go, the knot, after swaying to and fro for a 
short time, should return to its original position. This is 
a test of the smooth running of the pulleys, and unless it is 
fulfilled an accurate result must not be expected. 

In an actual experiment the middle weight was 0'7 lb. 
and the side weights 0*5 and 0*4 lb. These are, then, 
the tensions of the corresponding pieces of thread which 
keep the knot at rest. The positions of the strings are 
now marked on a piece of paper fixed to the drawing- 
board. The lines of the three tensions are then drawn : 
Ox, Oy and Oz. 

Along Ox and Oy measure off lengths A and OB to 
represent 0*5 and 0*4 lb. respectively. 

Choose a convenient scale, 10 inches to represent 1 lb. 
may be suitable. Complete the parallelogram OABD. 
Measure the diagonal OD. Is DOz a straight line ? 

In the actual experiment described the following results 
were obtained : magnitude of resultant 0*696 lb. by con- 
struction; the difference in direction between DO and 
Oz was inappreciable. 
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As an exercise the student should take some unknown 
weight, such as a piece of iron or lead, and tying it to one 
of the threads find its magnitude by means of the two 
known weights which it equilibrates. Then weigh it in a 
balance in the usual way, and compare the two results. 

Example. 

12. You have a spring balance indicating up to 10 lbs., a few 
pieces of cord, and a measuring tape. How would you ascertain the 
weight of a body weighing about 18-20 lbs. % 

[This makes a good experiment.] 

Could the same method be used ior weighing 1 cwt. 1 

The student must not suppose that a single experiment 
can establish a universal law. Our conviction of the truth 
of the " parallelogram of forces " rests on the fact that 
every carefully-conducted experiment yields results in 
close agreement with the law. 

As in the case of the principle of the lever, which we 
discussed at p. 13, numerous attempts have been made to 
deduce the parallelogram law by a process of reasoning 
from axioms, which every one would accept without dispute. 

Thus Daniel Bernoulli (1700-1782) adopts as his axiom 
that the resultant of two equal forces at right angles must 
bisect the angle between them, and, further, that the 
magnitude of the resultant is in this case directly 
proportional to the magnitude of the original forces. 

Consider four forces, each P, acting at a point (see figure, 
p. 48). The two left-hand forces may be replaced by their 
resultant, Q suppose, and, by the axiom, the direction of Q 
bisects the right angle. 
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The resultant of the forces on the right is also Q. The 
forces Q are at right angles, and their resultant bisects the 
right angle. But the resultant of the original forces is 
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evidently 2P, and therefore the resultant of Q and Q is 
also 2P. Consequently — 

Two forces each P at right angles have a resultant Q, 
Therefore by the second part of the axiom — 

P_ Q_ 
Q"2P' 

whence Q = P J 2, that is, Q is represented by the 
diagonal of a square wliose side represents P. 

By reasoning of this kind Bernoulli finally arrived at 
the general law. 

Such proofs may help to convince a student of the truth 
of the result, but the parallelogram of forces is now 
considered as a deduction from experience. For instance, 
it is experience which convinces us that the magnitude 
of the resultant of two forces of given magnitude depends 
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body suspended by two strings are attempted over and 
over again, and the two diagrams sketched here occur 
with almost endless repetition. 





Leonardo himself gives a correct solution of the latter of 
these two problems, but seems to have been so little 
satisfied of the accuracy of his result that he gives another 
completely erroneous solution on the same page of his note- 
book. And this erroneous solution is repeated frequently 
in subsequent passages. 

Leonardo da Vinci is universally considered as one of the 
most versatile of men. There was no branch of literature, 
science or art in which he did not excel. His paintings 
in particular, though not numerous, will bear comparison 
with those of Raphael, and arc masterpieces of mediaeval 
art. 

Leonardo's correct solution of the problem of the body 
suspended by two strings is as follows — 

If BE and CD are the perpendiculars on AC and AB 
respectively, we may consider the weight and the pull T in 
the string AC to act at the ends D and E of the bent 
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lever EBD, which can move about B as a fulcrum, and 





B 



therefore T . BE = W . BD, and in a similar way the tension 
in BC can be obtained. 

Three Forces in Equilibrium. — The parallelogram of 
forces enables us to find the resultant or to find the 
equilibrant of two given forces acting at a point. In 
practice, however, the problem generally arises in a 
different way. 

Three forces are known to be in equilibrium, that is to 
say, any one of them is known to be the equilibrant of the 
other two. We require to find the connection between 
the forces. 

Proposition. — If three forces acting at a point in one 
plane are in equilibrium, and three straight lines are drawn 
parallel to the directions of the forces and forming a 
triangle, then each side of the triangle represents the 
force to which it is parallel, the scale of the representation 
being the same for all three sides. 

To show that this follows if the parallelogram of forces 
is true, let P, Q and R be the three forces which are in 
equilibrium. Take a line AB to represent P, and dvaw 
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AC to represent Q on the same scale. Complete the 
parallelogram ABDC. By the parallelogram of forces 
AD represents the resultant, and therefore DA represents 
the equilibrant of P and Q. 





B 



But R is the equilibrant of P and Q, and P and Q have 
only one equilibrant. Therefore DA represents R. That 
is, the three sides AB, BD and DA of the triangle ABD 
represent on a certain scale the three forces P, Q and R. 

Our knowledge of geometry tells us that any triangle 
whose sides are parallel to those of ABD is similar to 
ABD, and hence the sides of any such triangle will equally 
serve to represent the forces P, Q and R. 

We may remind the student that a triangle is com- 
pletely determined when three independent parts of it- 
are given. Bearing this in mind he should have no 
difficulty in answering the following questions — 

Example. 

13. Three coplanar forces acting at a point are in equilibrium 
(coplanar means in one plane). (1) Given their directions, what 
do you know about their magnitudes? (2) Given, in addition, 
the magnitude of one of the forces, what do you know about the 
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weight is to be held 15 feet from the ground ; (iii) the horizontal 
pull on each mast in each case, supposing the rope to come down 
vertically from each pulley to the hauling end. 

At what angle should the rope be led from the pulley if there is 
to be no horizontal pull on the mast ? 

26. Two pegs, A and B, support a cord which measures 10 feet 
between the pegs, and carries a weight of 20 lbs. by means of a 
second cord knotted to it at a point 4 feet from the end attached to 
the peg A. Draw the cord in position and find the tension in each 
of the two parts into which the knot divides it. B is 1 foot above 
A and 6 feet to the right of A. [Army] 

27. Three strings are knotted together at O, each string passes 
over a small pulley, which may be treated as a point, and carries a 
given weight. Given the position of the three pulleys A, B, C, 
construct the position of the knot. 




Let P, Q, R be the three weights for the pulleys at A, B and C 
respectively. 

Draw a triangle, DEF, whose sides are proportional to P, Q and 
R, so that EF represents P, FD represents Q, and DE represents R. 

On AB construct a circle, such that the angle on AB is equal to 
the angle F. 

[There are two such circles. Will either one do % If not, show 
how to select the right one.] 

On BC construct a circle, such that the angle on BC is equal to 
the angle D. 
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The point of intersection other than B of these circles is the 
position of O. 

Take BC vertical : AB = 30 inches, AC = 28 inches, BC = 26 
inches, P = 7 lbs., Q = 8 lbs., R = 9 lbs. 

Make the construction, and measure the distance of from A, B 
and C. 

[Many additional examples will be found in the following 
chapter.] 
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CHAPTER III 

Analytic Methods. — It is frequently more convenient to 
find the relation between three forces acting at a point, which 
are in equilibrium, by the aid of trigonometry instead of by 
drawing a diagram to scale. We proceed now to investi- 
gate the methods for dealing with such cases. 

The triangle ABC, which has its sides parallel to the 
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tliree forces in equilibrium, P, Q and R, acting at O, has also 
its sides proportional to these forces. We may, therefore, 

P O R 

write down the equations =-;=-, when a, b and c are 

^ a o c 

the sides of the triangle ABC. But we know that - — 7 

sin A 

, and therefore it follows that — 



sin B sin C 



Q 



R 



sin A sin B sin 
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If we produce the sides of the triangle ABC and call the 
exterior angles A', B' and C it is at once apparent that A' 
is equal to the angle which the forces Q and R make with 
one another ; similarly, B' is equal to the angle opposite Q, 
and C is equal to the angle opposite R. Therefore, since 
A'+A = B + B / = C + C' = 180°, we have- 
sin A = sin A', 
sin B = sin B', 
sin = sin C, 

P O R 

and consequently —. — r , = . ^^ , = -. — ^7, or in words : If 
n J sin A sin B sm C 

three forces acting at a point are in equilibrium, each force 

is proportional to the sine of the angle between the other two. 

This result is generally known as Lamis theorem, as it 

was first enunciated by Father Bernard Lami {TraiU de 

Mtehaniqne, 1687). 

Example. 

1. A piece of strong fishing line is fixed to two nails A and B in the 
same horizontal line, and a weight of 10 lbs. is suspended from a 
point C on the line. AB is measured to be 25 inches, and the 
perpendicular distance of from AB, viz. CO = 2*3 inches and 
AO = 15*2 inches. Find the tensions in the two parts of the line. 

This example is best done by a method of calculation : 
if we attempt to draw a triangle of forces, since the 
inclination of the two parts of the string AC and CB 
is not far off 180°, a small error in drawing our parallel 
lines will produce a considerable error in the resulting ten- 
sions. This will be clear from the diagram (p. 60), where LM 
represents the weight of 10 lbs. and MN and LN ax^ ^growiS^ 
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to the two parts of the string. Let us suppose that the angle 
M is drawn accurately, but the angle L is made too small by 
2 V The corresponding error in the length of MN is NN' : 
this error is about -^ of the whole length to be measured. 
On the other hand, if the two parts of the string had 




/o(b* 




been inclined at an angle ol about 90° (say), the error 
produced in the length of MN by an error of 2° in 
the inclination of LN would have been a much smaller 
percentage of the whole. In the figure nri is only -£ T of Mn m 
Let T x be the tension in CA and T 2 the tension in CB, 

tan ACO = -^ = 6*62, 
.-. ACO = 81° 20', 
so tan OCB = ~ = 426, 

. * . OCB = 76° 45', 
.'. l ACB = 158° 5'; 

1 The error of 2° is much larger than would be made with careful 
drawing; it is Uiken, however, foT clearness m W\e ^\vc^. 
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and by Lami's theorem — 

10 Ti m 

sin ACB - sin OCB " sin ACO' 

10 T\ T 2 

sin 158° 5' ~ sin 76° 45' " sin 8i°~2#' 
10 T x T 2 

0-374 ~ 0-973 ~ 0-989 ' 

giving T a = 26-0 lbs., T 2 = 264 lbs. 

Examples on Lami's Theorem. 

2. We may define a smooth plane as one which can only exert a 
thrust at right angles to its surface. 





A weight of W lbs. is supported on a smooth ^Mte\TM&xk^\» > 3fc& 
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horizontal at a l>y a force parallel to the lines of greatest slope. Find 
the force necessary, and the pressure on the plane. 

The forces acting are shown in the diagram. By Land's theorem — 

P R W_ 

sin (180 - a) ~ sin (90 + o) " sin 90 ' 
i. e. P = W sin a, 
R = W cos o. 

3. If in the preceding question P is horizontal, find R and P in 
terms of W and a. 

4. What weight will a horizontal force of 20 lbs. support on a 
smooth plane whose inclination is 27°? 

5. Stevinus (1548-1620) solved * the problem of a weight resting 
on an inclined plane by arguing that (i) An endless uniform chain 
placed round the plane would be at rest. Do you admit this? 
(ii) It would still l)e at rest if the festoon or part hanging freely 

B were removed, (iii) The pull at B 
must be equal to the weight of the 
part of the chain which is vertical, 
(iv) Therefore the pull at B necessary 
to support the length AB on the plane 
C is equal to the weight of BC. Find 
whether this solution gives the same 
result as that given by Lami's theorem. 

6. A weight of 10 cwts. suspended by a chain 30 feet long is drawn 
aside and held by a horizontal rope whose tension is 1 cwt. What 
is the tension of the chain, and through what vertical distance has 
the weight been displaced ? 

7. Find the force necessary to support a weight of W lbs. on a 
smooth inclined plane whose inclination is o° if the force is 
inclined to the horizontal at 0°. 

Give the numerical result if 

W = 100 lbs., 
a = 15°, 

e =41°. 

8. A weight of 500 lbs. is hung up by a rope 20 feet long. What 

1 Stevinus was so pleased with his solution that he adopted the 
diagram, with the proud motto, "The wonder is a wonder no longer," 
as the title-page of his book. — Mach, Mechanics, p. 30. 
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horizontal force is required to hold it at a distance of 3 feet out of 
the plumb ? By how much is the tension of the rope increased ? 

9. A piece of wire, 32 inches long, whose breaking tension is 85 lbs., 
is fixed to two points in the same horizontal line 30 inches apart. 
Find the load which, suspended at the centre, may be expected to 
break the wire. 

10. A weight of 15 lbs. is supported by a horizontal pull, and a 
string inclined at a° to the vertical. Calculate the horizontal pull 
and the tension of the string. (The results may be compared with 
those found by experiment, p. 39.) 

11. A string passes round a nail. The two portions of string 
being inclined at an angle a, and the tension of the string being 
50 lbs., find the resultant pull on the nail. Tabulate the results 
■when — 

a = 20°, 40°, 60°, 80°, 100°, 120°, 140°, 160°. 

12. A weight of 160 lbs. is slung by two cords inclined to the 
horizontal at 40° and 70° respectively. Find the tensions in the 
cords. 

13. Find the magnitude of two equal forces acting at an 
inclination of 174°, whose resultant is 180 lbs. 

14. A cord fastened to a point A passes through a ring, from 
which a weight W can be hung, then over a pulley B at the same level 
as A, and has a weight P hanging from it. Calculate the weight W 
necessary to make the ring rest a given depth below AB. 

Application : Let P — 10 lbs., 

AB = 20 inches. 
Depth of ring, 5, 10, 15, 20, 25 inches below AB. 

Calculate the corresponding values of W. (Assume the tension of 
the cord is P throughout.) 

Resultant by Calculation. — Given two forces, P, Q, 
acting at a point and the angle a between their direc- 
tions, to calculate the magnitude and direction of their 
resultant — 

Let OAand OB represent P and Q. Thus l BOA = a. 

Completing the parallelogram OACB we know that OC 
represents the resultant. 
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Draw CM perpendicular to OA. 

The figure is drawn for the case of a being an acute 



angle. 




In the triangle CAM — 



/.CAM 
CM 
AM 

.\0M 



= a. 



AC sin a, 
AC cos a, 
OA + AC cos a. 



In the triangle OCM — 

OC 2 = OM 2 + CM2, 

= (OA + AC cos 0)2 + (AC sin a) 2 , 
= OA 2 + AC 2 + 20A . AC cos a, 
= OA 2 + OB 2 + 20A. OB cos a. 

Now the magnitudes of (e. g. number of pounds in) P, Q 
and R are proportional to the lengths of (e.g. the number 
of inches in) OA, OB and OC respectively. Con- 
sequently — 

R2 = P 2 + q 2 + 2 PQ cos a. 

Draw a figure for the case when a is an obtuse angle, 
and verify that the same formula holds good. 
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Remark. — Students are occasionally confused as to the 
sign + or — of the term 2PQ cos a. To avoid this, notice 
that the smaller a is the larger R is, so the sign 
must be +. 

To find the direction of R let l AOC = 0. Then in 
the triangle COM we have — 

tan - 0M - oi + q B cog a , 

_ Q sin a 
P + Q cos a 

Two particular cases, from their frequent occurrence, are 
worthy of notice. 

b c 




I. Equal Forces. — P = Q. Then the parallelogram 
OACB becomes a rhombus whose diagonals are therefore 
at right angles. Let the diagonals intersect in M. 



Then 



a 



l AOM = g , 



OM = OA cos"; 



. OC = 20A cos |, 
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and 


R= 2Pcos£, 


and obviously 


*-\ 




II. Foroes at Eight Angles. — a = 90°. The triangle 
CO A is a right-angled triangle, and 



whence 
Further, 



OC 2 = 
tan = ^X = 



OA 2 + OB 2 , 

P 2 + Q 2 . 

AC_Q 
OA" P* 



Examples. 

15. Two men pull a heavy box by means of ropes, the tension in 
each rope being 1G0 lbs. If the inclination of the ropes is 30°, what 
is the force tending to move the box ? 

16. Find the resultant of forces of 12 and 15 lbs. inclined at an 
angle of 00°. 

17. Two forces of 11 and 17 lbs. have a resultant of 8 lbs. What 
is the angle between them ? 

18. What angle does the resultant of forces of 1 and 10 lbs. 
inclined at 70° make with the larger force ? 

19. Find the resultant pull due to two pulls of 100 and 120 lbs. 
at an inclination to one another of 10°. 

20. Find the resultant force on a roof due to (1) a vertical load of 
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10 lbs. per square foot, (2) a wind pressure at right angles to th3 
roof of 20 11)3. per square fo )t. Area of roof surface 200 square feet. 
Inclination of plane of roof to horizontal 25°. 

The forces P and Q, which have R as their resultant, are 
called the components of R. The problem — to draw a 
parallelogram, given one diagonal, has an infinite number 
of solutions. Thus a force may be separated into two 
components in an infinite number of ways. But there is 
only one way of separating a force into two components in 
given different directions. 

For instance (see figure), the force represented by OC may 
be separated into components represented by OA lf OB p in 
directions making given angles say 30° and 20° with OC. 
Similarly, OA 2 and OB 2 represent components in directions 
making 10° and 110° with OC. 




We may separate a force represented by OC into com- 
ponents acting in any two straight lines through the point 
of application of the force. But the directions, from or 
towards the point, of these components are not at our 
disposal. A force acting at a point on a rigid body may 
be replaced by its components without affecting the 
equilibrium of the body (see p. 73). 



68 RE SOL VI NG 

Example. 

21. Find the components of R in directions making angles of 90° 
and x° respectively with that of R. 

The case of the components being at right angles is by 
far the most important, because a force has no tendency 
to move a body in a direction at right angles to its own 
direction. Thus, take the case of a body which can only 
move in one line, such as a railway truck on the level 
or the drawer of a table. A force parallel to the handles 
could never pull the drawer out, and a force at right 
angles to the rails could never move the truck along the 
rails. 

To find to what extent an oblique force tends to move 
the truck along the rails, let us separate it into two 
components, one parallel and the other perpendicular to 
the rails. The component perpendicular to the rails has 
no tendency to move the truck along the rails, and the 
useful effect, in moving the truck along the rails, of the 
original force is the same as that of the component 
parallel to the rails. 

Example. 

22. In towing a hoat along a river, is it easier to tow with a long 
rope or a short one, and why ? (The weight of the rope is to be 
neglected.) [Army] 

Resolving. — It is convenient to have a name for the 
process of breaking a force into two components at right 
angles, and we shall use the word " resolving " for this 
purpose. We shall speak of these components as the 
resolved parts of the force in the given directions. We 
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have already noticed that we cannot attach any definite 
meaning to the term " the component of a force in a given 
direction." The resolved part of a force in a given direction 
is, however, perfectly definite. 

The resolved part of a force R in a direction making an 
angle with that of R is R cos 0. 

Can a force be replaced by its resolved parts in any two 
given directions? 

Examples. 

23. Two equal forces acting at 175° have a resultant of 100 lbs. 
Find the magnitude of the forces. 

The property indicated by this example is turned to account in 
the Stanhope levers, so termed because the invention was applied by 
Lord Stanhope to a printing press in 1798. 

Very great forces in the hinged bars are requisite to balance the 
pull of 100 lbs. The result is that the plate hinged to the lower 
lever is pressed with great force 
against the bed-plate. 

24. Three forces act at a point as 
shown in the figure on the next page. 
Find their resultant. 100 ib 8 . <- 




In this case it will be best to 
replace the forces in OB and OC 
by their components along OA 
and at right angles to it. 

We thus see that the original three forces have the 
same resultant as forces x along OA, and y, upwards 
perpendicular to OA. 

where x = - 11 + 7 cos 75° - 3 cos 75 c , 

and y = 7 sin 75° + 3 sin 75°, 
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x = -11 +4 cos 75°, 

= -H + l-07, 

= - 993, 
y= 10 sin 75° = 965. 
x I tii g a negative force along OA really acts along AO. 



3 tons 



B 



7 TONS 




< 11 TONS ~\ 



ftiZsin.75 
j$ 7sin.Y5 



< — ^ — <& 



11 



7cosJ5° Scosis' 



The resultant R acts at an angle with AO produced 

965 

9 93 

= 44° 14' 



where 
so that 
and 



tan = 



R= 9'93 13 . 85 toug 
cos 6 



Check by constituting the resultant graphically, re* 
presenting the forces 11, 7, 3 by red lines, x y by blue 
lines and R by a black line. 
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Examples. 

25. Find the resultant of four equal force?, each 70 lbs., the line 
of action of each making an angle of 10° with that of the next. 

26. Find the resultant of the set of forces shown in the 
diagram. 




27. What will be the resultant of five forces, of 1, 2, 3, 4 and 
** lbs., directed from the centre towards the angular points of a 
Regular pentagon? 

[It may be shown that 



cos72°^sinl8 c 



\/5-l 



s/ b + l 
cos 36° = sin 54°=— -~ . 

4 

Using these results, x and y may be expressed numerically without 
using tables.] 

28. Three forces, P 1? P 2 , P 3 , act at a point and make angles 
a v aa a 3 w ^li a fixed line Ox. Find the magnitude of their 
resultant and the angle its direction makes with Ox. 

If Pj = 20 lbs., P 2 =30 lbs., P 3 =40 lbs., and if the lines of action 
of Pj and P 3 make angles of 45° and 60° with that of P 2 , but on 
opposite sides of it, find, graphically or otherwise, the magnitude of 
the resultant to the nearest pound. 
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Rigidity. — We have up to the present supposed that the 
three forces acting on a body and keeping it in equilibrium 
are applied at one and the same point. This will often 
not be the case in actual practice, and we now consider 
the condition that three forces applied in one plane to 
a body may keep it in equilibrium. 

Some introductory remarks are necessary. 
Common-sense tells us that forces applied at different 

points of a body may break or 
bend it, although equal forces 
applied at one and the same 
point would keep it in equili- 
brium. 

Consider, for instance, the 
figure which represents a small 
T-shaped piece of wood, hung up 
by strings from A and B, and 
carrying a weight at C. It is obviously likely to break 
at D, whereas had equal forces been applied at D it 
would very likely have been safe. 

We realize by similar instances that a set of forces 
acting on a body may (a) distort it, that is, alter its 
shape, and perhaps break it, or (&) may move it bodily, 
or (c) may, to all appearance, leave it undistorted and 
unmoved. 

A body which does not undergo any distortion in 
consequence of the application of force to it is called 
a rigid body. 
An ideal rigid body would be one which would not 
suffer any diat^rtAna. at all, either o£ fcY^e ot «Y&&,>&g&!st 
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their resultant, or that the weight of the body acts at 

its centre of gravity. 

For instance, if a plank 
rests horizontally across a 
post and carries 1 cwt. at 

each end, and we want to know whether the plank will 

break, it will be ridiculous to replace the two weights 

by their resultant. 

Proposition. — If three forces acting in one plane on a rigid 
body keep it in equilibrium, their lines of action must either 
be parallel or meet in a point 

We have seen in Chapter I. that their lines of action may 
be parallel. Suppose, if possible, that they are not parallel 
and yet do not meet in a point. 

Then, the lines of action of two of them must meet, say, 
at O. Imagine a smooth pin put in at O. This cannot 
destroy equilibrium. But the third force, which by 
supposition does not act through O, will cause the body to 
turn round O, and there will be no force to prevent this 
turning. Thus equilibrium will not subsist even when the 
pin at O is inserted, and a fortiori it cannot subsist 
when the pin is taken out. 

Therefore equilibrium is impossible unless the direction 
of the third force also passes through O. 



Experiment 1. 

Take a bar of variable section like a billiard-cue or a 
poker. Find its centre of gravity by balancing, on a knife- 



76 EXAMPLES 

proportional in length to the weights and the pulls in the 
cords ? 

You will probably conclude that the result justifies us in 
assuming the truth of the proposition on page 74 that the 
three forces which keep the rod in equilibrium may be 
supposed to act at N. 

The experiment may be varied by attaching the cords to 
different points, so that the parts of the strings make (1) 
acute angles and (2) obtuse angles with the rod. Observe 
that in all cases the two strings lie in the same vertical 
plane (how would you test this ?), and when produced they 
meet iu a point which lies either vertically above or 
vertically below the centre of gravity of the rod. 

Examples. 

29. If the ends of the beam were attached to a single cord which 
was slung over a smooth pulley, what inference, as to the inclination 
of the two portions of the cord to the vertical, would you draw from 
the fact that the cord has the same tension throughout ? Test this 
by experiment. 

30. If the cords were parallel how could you determine their 
tensions 1 

31. A picture weighing 25 lbs. is hung up by a cord 48 inches 
long passing over a nail, and tied to points in the frame 18 inches 
apart. Find the tension in the cord. 

32. A string with one end fixed runs horizontally to a pulley, passes 
round the pulley, and carries a weight of 56 lbs. at the other end. 
Find the thrust of the pulley on its axle, neglecting the weight of the 
pulley and the cord. Give its magnitude to two significant figures 
and state its direction. [Army] 

33. If the picture-cord used cannot safely bear a tension of more 
than 50 lbs., what is the shortest length of cord suitable for hanging 
up the picture in Example 30 1 

34. The rafter of a roof is acted on by (1) the load it bears, which 
may be supposed to act at the middle point ; (2) a horizontal thrust 
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40. Two weights are knotted to a string whose weight may he 
neglected, and hung up by means of the string. The part of the 
string between the weights is inclined at 18° to the horizontal, while 
the other two parts are inclined at 46° to the horizontal. Compare 
the two weights. [Hint for solution : Consider the equilibrium of 
each knot under the three forces acting there.] 

41. A uniform rod rests over a smooth peg with its end against a 
smooth vertical wall inches from the peg, and is inclined at 55° to 
the vertical. Find the length of the rod. 

42. The two ends of a string passing over a smooth pulley are 
tied to the same body. Show that in the position of equilibrium the 
centre of gravity of the body is vertically below the pulley and that 
the two portions of the string make equal angles with the 
vertical. 

43. A uniform bar 3 feet long, weighing 17 lbs., can turn freely in 
a vertical plane about its upper end. It is held at an angle of 60° to 
the horizon by two forces, a horizontal one of 2 lbs. applied at the 
lower end and one of 8 lbs. at a point 1 foot 9 inches from the upper 
end. Both forces lie in the vertical plane containing the bar and act 
towards the same side. What angle will the second force make with 
the bar in the position of equilibrium ? 

44. Six bags of coal, being hoisted from the hold of a collier, are 
hanging vertically by a rope 30 feet long. Find the horizontal force 
necessary to pull them 15 feet from the vertical. [Ten bags go to the 
ton.] 

45. A river is 48 yards in width. Two men walking abreast on 
opposite sides, at a distance of 1 yard from the bank, draw a boat 
with ropes 30 and 40 yards long, pulling with forces 200 and 150 
lbs. respectively. Show that the resulting force is in the direction of 
the river, and find its magnitude. 

46. A picture is hung by a string passing over a nail and tied 
through two rings on the picture. Show that the shorter the string 
the greater is the strain on it. 

47. A uniform rod AB is suspended from a nail C by two strings 
CA and CB. Show that the tensions of the strings are proportional 
to their lengths. 

48. A derrick consists of a spar 28 feet long, the lower end at the 
foot of a mast, the upper end carrying a pulley and supported by a 
chain 17 feet long fastened to the mast at a height of 20 feet. A weight 
of 800 lbs. is raised by a chain passing over the pulley at the end 



80 EXAMPLES 

which it nny he attnrhed and find the magnitude and direction of 
the pull. [Amy] 




58. A weight of (>00 lbs. is suspended from a hanging pulley by 
a rope which, passing over the pulley, leaves it at an angle of 60° 
to the vertical in a downward direction. Find approximately the 
tension of the rope suspending the pulley and the direction in 
which it rests. 

59. A weight of 28 lbs. hangs by a light ring to which are 
attached strings which pass over fixed pulleys and carry weights of 
12 and 20 lbs. respectively, hanging vertically. Find the angle 
between the strings which meet at the ring. What happens if an 
additional weight of 4 lbs. is attached to the ring ? 

(>0. A weight C of 500 lbs. is suspended by two ropes AC, BC, 
lengths 5 and 11 feet respectively, from two hooks A and B, 
which are in the same horizontal line and 12 feet apart. Find 
approximately, either graphically or by calculation, the tensions of 
the ropes. Determine also the greatest horizontal force which can 
bo applied at parallel to AB without disturbing the equilibrium. 

01. A vertical force of 120 lbs., a horizontal force, and a force of 
240 11»h. keep a particle in equilibrium. Find the horizontal force* 
and the direction of the inclined force. 

02. A heavy uniform rod weighing 70 lbs. hangs from a hinge, 
and is held at an inclination of 20° to the vertical by a force applied 
at right angles to the rod at its lower end. Find the magnitude 
of this force and the reaction of the hinge. 

(>3. A toothed wheel can roll in a vertical plane on another fixed 
wheal, the tooth of both being small. If i\v<i moxahla wheel is 
*uj>jHtrted by a horizontal force tYirou^x \\a V\$\«s& \«vefc \sv *w 
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inferred a proposition connecting forces represent* 
these lines. 

Thus Lami's theorem is the translation into a si 
proposition of the trigonometrical proposition that i 
triangle the sides are proportional to the sines c 
opposite angles. 

c 




Besolving.— If ABC is any A and AA', BB' and C 
drawn perpendicular on any straight line OX, then A 
B'C + C'A' = 0, or in words, the sum of the projecti 
AB, BC and CA on any straight line is zero ; or agai 
sum of the projections of AB and BC is equal to the j 
tion of AC. We perceive that if AB represents a fore* 
A'B' represents the resolved part of that force in the 
tion OX, and that the statical analogues of the prec 
theorems are : (1) If three forces acting at a point 
equilibrium the (algebraic) sum of their resolved p; 
any given direction is zero ; and (2) the algebraic s 
the resolved parts of two forces in any given direc 
equal to the resolved part of their resultant in that dir< 

It sometimes happens that we do not require a cc 
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solution of a statical problem. Thus, consider the following 
example — 

What force, applied in a direction making an angle of 
50° with the horizontal, will support a body weighing 
100 lbs. on a smooth plane whose inclination is 40° ? 

The forces acting 
are shown in the 
diagram. 

We do not want to 
know R. The re- 
solved parts of the 
forces in any direc- 
tion vanish. But R 
has no resolved part along the plane. If, therefore, we 
equate the sum of the resolved parts along the plane to 
zero we shall have an equation not containing R. This 
equation is — 

P cos 10° -100 cos 50° = 0, 

whence P = 65*4 lbs. 

The foregoing process is a very important one. 

Note that we commence by specifying the complete set 
of forces in action. This step can never be omitted with- 
out great risk of error. We then choose a direction at 
right angles to that of a force which we do not require, 
and "resolving" in this direction we obtain an equation 
in which the objectionable force does not occur. 

Examples. 

69. If a string passes over a smooth pulley and its ends are fastened 
to an object, such as a rod, which is supported by it^ Drove. t\\*k 



84 EXAMPLES 

in the position of equilibrium the two portions of the string must 
be equally inclined to the horizontal. 
[Hint : Resolve horizontally for the forces acting on the rod.] 

70. Apply Example 69 to solve the following problem by graphic 
construction — A rod, not uniform, 5 feet long, has a string 7 feet long 
attached to its ends by which it is hung over a smooth fixed pulley. 
It is in equilibrium when the parts of the string on either side of the 
pulley arc 4 and 3 feet. Find the tension of the string if the rod 
weighs 3 11)8. Find also the inclination of the rod and the depth of 
iU centre of gravity below the pulley. 

71. A wooden cylinder, radius 4 inches, weighing 5 lbs., is hung 
up by a string 4 inches long, which is tied to a nail in a smooth wall, 
and the cylinder rests with its axis horizontal against the wall. 
Kind the tension of the string. 

[Draw the figure, murk the directions of the forces, calculate the 
allele the string makes with the wall, and resolve vertically.] 

72. A weight of 200 lbs. is slung up by two cords which make 
/ingles of 10" and b 1 with the vertical. Find their tensions by 
resolving perpendicularly to each cord in turn. 

73. A rope A BCD, considered weightless, has its ends A and D 
fastened. A weight of 3 cwts. is attached to B and a weight of 
5 owls, to C. The inclination of AB to the vertical is 48°, and the 
tension in it is cwts. Find the tension in CD and its inclination to 
the vertical. 

74. A rod of weight W, whose centre of gravity divides it in 
any ratio, is supported by strings joining its ends to a point. If 
each string makes an angle a with the vertical, show that the 
tension in each string is the same, and express it in terms of 
W and a. 

75. A string 10 feet long carries a smooth ring weighing 8 lbs., 
which can slide freely on the string ; the extremities of the string 
are attached to two fixed points in a horizontal plane, distant 6 feet 
apart. Find the tension in the string. 

76. A light string ABCD, 16 inches long, is fastened to two 
fixed points A, D in the same horizontal plane 12 inches apart; 
weights of 8 lbs. each are suspended from the string at B and 
C respectively. Given that AB = CD = 5 inches, and that BC is 
parallel to AD, find the tensions in the different parts of the 
string. 

If a third 8-lb. weight were suspended from the middle point 
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the plate and show that the pressure on the hinge at A is 
Wsina where p . g the inc H n ation of AC to BC. 

COS ft 

83. AB and BC are two equal bars jointed at B. The point A is 
fixed, but C can move horizontally along AC. A weight of 10 lbs. 
is placed on B, when the angle ABC is 120°. Find the horizontal 
pressure exerted by C, and draw a curve showing how this pressure 
changes as the angle ABC changes from 120° to 180°. 

Finding Position of Equilibrium. — In certain statical 
problems we desire to find the position of equilibrium, and 
we do not wish to find the actual magnitudes of the forces 
involved. In such a case, if the number of forces acting 
on the body is three, the position of equilibrium can 
usually be found by purely geometrical reasoning, from 
the fact that the lines of action of these three forces must 
be either concurrent or parallel. 

The solution can be found from the statical equations 
connecting the forces, but it is neater, and sometimes 
easier, to look at the matter from the above geometrical 
point of view, though, as will be seen, the problems thus 
dealt with are for the most part examination conundiums. 

Examples. 

84. A uniform rod rests with one end on a smooth horizontal 
floor, and the other end tied by a string to a fixed point. Find the 
position of equilibrium. 

Here two out of the three forces acting on the rod are 
vertical, namely, the weight of the rod and the pressure of 
the ground. Hence the third force must be parallel to 
the other two, and accordingly the string must be vertical. 

85. A uniform rod, BD, 3 feet long rests over a smooth peg at C, 
and a string is tied to the end B and fastened to the ground at A 

\ 
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Complete the parallelogram OCED and join OE, cutting 
AB in G. 

Draw CII, DK parallel to AB, meeting OE in H and K 
respectively. 

D * 




The triangles OC H and DEK are congruent. 
Therefore OH = EK, 

hence OK = EH. 

But OH = wOG, 

OK = nOG ; 
. • . adding OE = (m + n) OG, 
i. e. the resultant is represented by (m + n) OG. 
Again, CH = mAG, 

DK = nBG. 
But CH = DK, 

. • . mAG = wBG. 
i. c. the point G divides AB in the ratio n : m. 

Examples. 

00. The components parallel to OG and GA of the force P are 
represented by mOG and mGA respectively. Replace Q by its 
components parallel to OG and GB, and hence prove the above 
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proposition, viz. that forces represented by mOA and nOB have a 
resultant represented by (m + n) OG, where G divides AB, so 
that- 

mAG = ?iGB. 
[The formulae in this example do not involve any angles, and 
hence are useful in such cases as the following, where length 
measurements are both convenient and necessary for the purpose of 
constructing the object.] 

91. A force R acting along OG has for its components along any 
two lines OA and OB (ABG being in a straight line) two forces P 
and Q such that — 

jy OA.BG j> 

P = OGLAB ' R ' 
n _OB.AG p 
1,8 " OG . AB * K ' 

92. A weight of 570 lbs. is supported by two poles AO, BO, whose 
lower ends rest on a slope AGB. By measurement it is found that — 

AO = 13 feel, 

OB = 9*75 feet, 

AB = 16*25 „ 
Height of O over the point G in the plane vertically below it 
= 8*45 feet ; AG = 7*15 feet. Find the thrusts in each of the bars 
AO and BO. 

93. Repeat experiment 1, page 74, and take the measurements 
necessary in order to apply the results of the preceding example. 



CHAPTER IV 

Moments. — We have already defined the moment of a 
force about a point as the product of the magnitude of the 
force with the length of the perpendicular from the 

point on the line of action of 
p the force. In symbols the 
moment of P about O = 
P x OM. 




Units. — If forces are 
measured in pounds and dis- 
tances are measured in feet the 
moment of a force about a 
point will be so many pounds-feet. 

There is no objection to measuring forces in tons or 
distances in inches, but if we are to compare the moments 
of two forces we must use the same units, both of force 
and of distance. 

We shall usually speak of the moment of a force as so 
many fHwmds-fcet, to avoid confusion with the unit of work, 
which is always called & footpound. 

Graphical Representation of a Moment. — If AB repre- 

90 
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sents the force P then the moment of P about O is 
represented by AB x OM. But this is proportional to the 



B 




area AOB. Hence the moment of P about O may be 
represented graphically by the area AOB. 

Examples. 

1. If the scale for forces is 1 inch represents 1 lb., and if OM is 
measured in inches, upon what scale does the triangle AOB repre- 
sent the moment of P about ? 

2. A tall vertical post is built into the ground. A rope 20 feet 
long is fastened to the post and to a peg in the ground, and its 
tension is 200 lbs. Plot a graph showing the relation between the 
height at which the rope is attached and the moment of the tension 
about the foot of the post. 

How would you attach the rope if your object were to pull the 
post over ? 

Experiment 1. 

Take a circular wooden disc 1 about 14 inches in dia- 
meter and about \ inch thick and mount it so as to turn 

1 A ready-made disc and axle can be procured from Messrs. Cus&q>ws> 
and other makers. 
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freely on an axis through its centre perpendicular to its 
plane. Ascertain first that the disc can turn freely about 
its axis and that it balances in any position. If the disc 
is out of balance it may be corrected by one of the 
methods indicated at p. 241. The axis may now be fixed 
in a horizontal position. 

With the aid of a circular protractor 1 cut a circle out 
of paper and mark divisions corresponding to degrees on 
its edge. Paste this circle on the front of the disc so that 
its centre coincides with the centre of the disc. If the 
disc is home made the paper should be pasted on before 
the hole for the axle is cut. If the hole for the axle has 
already been cut the proper mode of securing that the disc 
and paper are concentric will be a problem in geometry 
for the student. At the same time paste a similar circular 
piece of paper on the back of the disc to prevent the disc 
from warping. 2 

Put two tacks A and B about 150° apart on the rim of 
the disc, and to these attach threads which will bear a 
tension of at least 2 lbs. From one of these threads, 
BCD, hang a weight W of about \ lb. so that the part BC 
of the thread lies along the edge of the disc, and. from the 
other, AE, hang weights of 05, 0*6, 07, 0'8, 1, 1*2, 1*6, 2 lbs. 
in succession. 

1 Paper graduated with radial lines at 5° intervals may be procured 
from Messrs. Bemrose. Alternatively, the radius of a circle in which 
a chord \ inch long subtends 5° at the centre may be calculated, the 
circle drawn and the J inch chords stepped off with dividers, or 
section paper pasted round the rim. 

3 A piece of wood even 1 inch thick may warp if a piece of paper 
is pasted on one side only. 
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Hang a small weight by a thread from the axle O to act 
as a plumb line. 

The angle a which OA makes with the thread can thus 
ie read off for each value of P. 

B 



H 




l i i i i i i i i 



K 



W 



i 



Fix a ruler HK horizontally below and just clear of the 
iisc. 

Tabulate your results thus — 




Moment of 
P about O. 



Tin, 
(»; 
If.,. 



'""icrii.. 



(I) 
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CRANK AND CONNECTING ROD 



What is the moment of W about O ? 

Is the moment of P about O constant ? 

Draw on squared paper a curve showing the relation 
between P and x. 

Show that if the apparatus were perfect the relation 
between P, W and a would be P = W cosec a. 

W 

Test your own results by comparing the value of ^p 

with sin a. 

Turning Moment on a Crank. — 
Let P be the thrust of the steam on the piston (see p. 243). 
S the thrust in the connecting rod. 
Y the lateral forces due to the constraints which keep 
the piston and rod moving in the line AO. 




\ 



\ 
\ 

\ 
i 
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CYLINDER 



t . PISTON 



PI! .TON ROD 




If we assume that the piston rod is in equilibrium 1 

1 This investigation is only approximate, because in reality, first, 
the piston is resisted by ihe friction or rubbing against the cylinder 
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under these forces, and that the forces Y act perpendicu- 
larly to OA, we have, resolving parallel to OA — 

S cos <f> = P. 

Draw OB at right angles to AO, meeting AP produced 
in B, and drop the perpendicular OM on AB. The 
moment about O of the thrust S = S X OM = S . OB 
cos <f> = P X OB. So OB represents graphically the 
turning moment due to a constant thrust P. 

Examples. 

3. Set off a series of positions of the crank, 1 say at every 10°, and 
set off along each such position OP a line OQ equal in length to 
OB. The locus of Q gives a " radial " curve of turning moment. 

Notice that — 

OB cos </> = OM = OP sin 0+^, 

so that if we wish to calculate the turning moments we have, 
putting AB = 6, OP = a — ; 

b sin <p = a sin 6. (1) 

^ . i Pa sin + <p (2) 

lurning moment = - • 

cos <f> 

4. Given a = 1, P = 1, 6 = 4, calculate the turning moment when 
= 10°, 20° . . . 180°, and tabulate the results. 

5. Show that the turning moment is the same for = 180° + a 
and = 180° - a. 

Hence complete the radial curve of turning moments from 180° to 
360°. " * 

6. Using the foregoing results, draw the radial curve of turning 
moments for two cranks set at 90° from one another, setting off the 

and guides, and secondly, the piston is in reality moving with vary- 
ing speed, and so the forces acting on it are not really in equilibrium 
(see p. 2). The errors introduced by our assumption are, however, 
in many cases small. 
1 The radial paper mentioned at p. 92 is useful lot \ta\a ^ot^qwO 
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line representing the total turning moment along the line showing 
the position of the iirst crank. 

[It will be observed that there is now much less variation in the 
turning moments.] 

7. Using the foregoing results, draw the radial curve of turning 
moments for three cranks set at 120° to one another. 

These examples should be worked out by a class in 
conjunction, each student working out results for one or 
two values of 0. 

The effect of varying the length of the connecting rod 
may also be studied in a similar manner by taking b = 1*5 
and b = 10. 

Body turning about a Fixed Point. — Suppose a body 
which can turn about a fixed point O to be in equilibrium 
when acted on by two forces P and Q. Replacing P and Q 
by their resultant R, we see that the line of action of the 




resultant must pass through O, or the body will turn round 
O and not remain in equilibrium. 

Let the lines of action of P and Q meet in A. 

Join OA and construct the parallelogram ABOC, whose 
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end. If when supported at 8 inches from that end it requires 3 lbs. 
at the other end to balance, and when supported at 10 inches from 
the first end it requires 8 lbs. at the other : find' the length of the lever. 

10. A weight A of 12 lbs. and a weight B of 18 lbs. balance on a 
straight lever, whose weight may be neglected. If their positions 
are interchanged, find (1) the weight which must be added to A, (2) 
the weight which must be subtracted from B, to produce equilibrium. 

1 1. A uniform bar in the shape of a rectangle ABCD weighing 10 
lbs. is hung up by the middle point of AB, through what angle will 
it be deflected by suspending 1 oz. from A % AB = 4 feet ; BC = I 
inch. 

12. A tradesman weighs out his goods with a straight uniform 
lever having each arm 12 inches long, but falsifies it against the 
customer by shifting the fulcrum \ inch. If the apparatus weighs 
1 lb., prove that he cheats the customer of H oz. on every false 
pound sold. 

13. A bar AOB, 12 inches long and weighing 0*17 lb., turns 
about O, which is midway between A and B. The centre of gravity 
G is 0*23 inch below O, and OG is perpendicular to AB. What 
angle does OG make with the vertical when a weight of 1 lb. is hung 
on A and 1-001 lbs. on B % 

+ and — applied to Moments. — If a force P tends to turn 
a body round O iu the sense of the hands of a watch, 

say "clockwise," then a force Q 
tending to produce rotation in the 
opposite sense, say counter-clockwise, 
will oppose P, and the turning effect 
will be measured by the difference of 
the moments. We may conveniently 
use + and — signs to distinguish between the moments 
of forces in opposite senses. 

In trigonometry we always consider the sense of counter- 
clockwise rotation as positive, and it will be convenient to 
do the same here. 
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It may perhaps be regarded as obvious that the sum of the 
moments of two forces about any point is equal to the moment 
of their resultant about that point, the word sum meaning, 
of course, " algebraical sum," so that if M x , M 2 are the 
moments of the forces, we have — 

M x + M 2 = moment of resultant, 
and if M r = 7 and M 2 = —5, 

then (+ 7) + ( — 5) = moment of resultant, 

i. e. moment of resultant = 2. 

It is, however, of interest to verify that the proposition 
follows from the parallelogram of forces. 




Let forces P and Q act at A along AB and AE respect- 
ively. Draw through O a line OB parallel to AE. 

As we may represent P and Q on any scale we please, 
let us take AB to represent P, and on this scale let AD 
represent Q. 

Complete the parallelogram ABCD. 

The moment of P about O is represented by the A A OB, 

Q „ O , , „ AAOD. 

But A AOD = A ACD = half parallelogram, 

= A ABC. 

3765$\. 
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The sum of the moments of P and Q about O is repre- 
sented by A OAB and A ABC, that is, by A OAC. 

But AC represents the resultant of P and Q, and 
consequently the triangle OAC represents the moment of 
the resultant about 0. 

That is, the sum of the moments of P and Q about O is 
equal to the moment of their resultant about O. 

Examples. 

14. After the manner of the foregoing reasoning consider the cases 
(a) when is within the angle BAE, (b) when lies on the line AE. 

15. Draw lines AB, AD representing P and Q on any scale. Draw 
OEF parallel to BD, meeting AB in E and AD in F. Take AE, AF 
to represent P and Q on a new scale, and bisect EF in 6. The 
triangles OAE, OAF, OAG represent the moments of P, Q and their 
resultant about 0. Deduce the proposition. 

The case in which P and Q are parallel will be dealt with 
subsequently. 

Cor. 1. The algebraical sum of the moments of any 
number of forces about a point in their plane is equal 
to the moment of their resultant. 

Cor. 2. If any number of forces in a plane have a single 
resultant the sum of their moments about any point on the 
line of action of the resultant vanishes. 

Cor. 3. If a number of forces in a plane are in equili- 
brium the sum of their moments about any point in the 
plane vanishes. 

Example. 

16. Applications of Cor. 2. Let three forces of 6, 5 and 7 lbs. 
act along the sides of an equilateral triangle ABC, sides 1 foot, as in 
the figure. To find the line of action of their resultant. 
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Suppose the line of action of the resultant cuts AB in 
the point O. 

Since the sum of the moments about O vanishes, 

70M = 50N, 
i. e. 7 x AO sin 60° = 50B sin 60°, 

" " OB 7 ' 
or AO = 5 inches, 

OB = 7 „ 




B 



If the line of action of the resultant cuts BC in Q, then, 
since the sum of the moments about Q vanishes, 
therefore 7 X CQ sin 60° = 6BQ sin G0°, 

CQ7 
BQ 6' 
CQ 7 



or 



whence 



l ' e - 12 -CQ ~ 6' 

CQ = Gj% inches, 



BQ = 5-^ 



» 
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17. Forces of 1, 2, 3 and 4 lbs. act consecutively along the sides 
of a square, of 1 incli side. Find the position of the line of action 
of the resultant. 

18. A triangular lamina ABO can turn about a j>oint O in AC. 
Forces of 10 lbs. each act along BC, CA, BA respectively, but do 
not move the lamina. Find the distance AO, if CA = 3 inches 
CB = 4 inches, AB = 5 inches. 

19. ABC is an equilateral triangle, and forces P, P and 2P act along 
BA, AC and CB respectively. Find the magnitude of the resultant 
and the point at which it cuts the line AC produced if necessary. 

20. If D is the middle point of the side BC of an equilateral 
triangle ABC, and if forces of 10, 1, 4 and 3 lbs. act respectively 
along BA, AD, CA and CB, find the position of their resultant, 
given that BC = 2 feet. 

21. Forces P, Q, R act along the sides AB, BC, CA of any triangle, 
and have a single resultant whose line of action cuts AB in D, 
BC in E and CA in F. Take moments about D, E, F in turn, and 
hence show that AD, BE, CF = DB, EC, AF. [This theorem is 
attributed to Menelaus, circa 80 a.d.] 

Application of Cor. III., p. 100. — The fact that if any 
number of forces keep a rigid body in equilibrium, the 
algebraic sum of their moments about any chosen point 
will vanish, furnishes the simplest means of dealing with 
most problems on parallel forces. 



Examples. 

22. A uniform bar AB, weighing 20 lbs., 5 feet long, rests horizon- 
tally on supports at its ends A and B. Find the vertical reactions at 
these supports if the bar is loaded with weights of 30, 40 and 50 lbs. 
at points 1, 2 and 3 feet from A. 

Let P and Q be the vertical reactions at A and B. The sum of 
the moments of all the forces about B vanishes, therefore — 

30 x 4 + 40 x 3 + 20 x 25 + 50 x 2 - 5P = 0, 
or P = 24 + 24 + 10 + 20 = 78 lbs. 
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are replaced by weights of 1 and 2 lbs. respectively, find its 
length. 

28. A heavy rod (not uniform) balances about a point in its length 
with weights of 6 and 12 lbs. respectively hung from the two 
points of the rod A and B ; and it also balances about the same 
point when weights of 9 and 20 lbs. are respectively hung from 
A and B. Show that it also balances about the point when weights 
of 15 and 30 lbs. are respectively hung from A and B. 

21). A uniform plank ABC of length 14 feet and weight 90 lbs. 
rests horizontally on two supports at A and B, one at the end A and 
the other 2 J feet from the end C. A man walks from A to C along 
the plank, and just as he reaches C it commences to tilt. Find his 
weight. 

30. A straight uniform rod, weighing 1 lb. and measuring 1 yard 
in length, lies on a horizontal table with 2 feet of its length pro- 
jecting over the edge of the table. What least weight on the inner 
end, or what least support at the outer end, would maintain 
equilibrium ? 

31. A uniform bar AB, 5 feet long, weighing 120 lbs., is hung 
up by two vertical strings, one attached at A, the other at a 
point 2 feet from B. What weight, hung from B, will just cause 
one string to become slack 1 What will then be the tension of 
the other string 1 

32. A cube of stone, edge 3 feet, weighs 5000 lbs., and rests on one 
of its faces. A lever 6 feet long can be pushed 6 inches underneath 
the lower face in a direction at right angles to an edge. What upward 
force must be exerted by a man at the end of the lever to raise this 
edge from the ground ? 

33. A uniform beam AB of length 8 feet rests horizontally on 
two supports 1 and 5 feet from the end A. If the greatest weight 
which can be hung on the end B without upsetting the beam is 
5 lbs., find the weight of the beam and the greatest weight which 
can be hung at A without upsetting the beam. 

34. A uniform steelyard is 2 feet long and weighs 10 lbs. The 
pan weighs 35 lbs., and is hung from one end. The fulcrum is 
3 inches distant from that end. A weight of 5 lbs. slides on the 
beam, which is graduated to read to \ lbs. Find the distance 
between the graduations, and also the greatest weight which the 
balance can weigh. [Army] 

35. An unloaded steelyard hung about F balances when the 
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movable weight P is at 0, and about F' when the movable weight 

00' 
is at 0'. Prove that the weight of the steelyard = - P + P • ^^ • 

36. A uniform beam weighing 6 lbs. and 4 feet long has weights 
of 5 and 3 lbs. suspended from its ends. On what point will it 
balance ? 

37. An iron bar 10 feet long, weighing 105 lbs., rests in a 
horizontal position on two walls as in the diagram. Determine the 
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pressure on the walls supposing it to be uniformly distributed at 
each wall. 

38. A rectangular column, 20 feet high and 4 feet square in 
section, is not fixed to the ground but merely rests on it. What 
force acting perpendicular to a face at its centre would overturn it, 
the material weighing 150 lbs. per cubic foot 1 

39. A uniform square lamina can turn freely in a vertical plane 
about a horizontal axis through its centre "of gravity, and forces 
of 1, 2, 3, 4 lbs. weight respectively act along its edges in such 
directions that all tend to make the square rotate in the same 
direction. Find the weight of a heavy particle which, being 
attached to one corner, will keep the square in equilibrium with its 
lowest edge horizontal. 

40. A uniform girder, 39 feet long, weighing 12 tons, rests on two 
masonry piers. If the centres of the piers are at distances 5 and 
10 feet from the ends of the girder, what weight is supported by 
each? 

41. A uniform rod, weighing 60 lbs., rests symmetrically upon 
two supports in a horizontal position. A weight of 30 lbs. is 
placed upon it 4 feet from its centre. What other weight must 
be placed on it, and where, in order that the pressure on each 
support may be 57 lbs. ? 

42. A steelyard 20 inches long, and weighing 2 lbs., is divided 
along 18 inches from one end, the divisions running from to 18, 
each division corresponding to 1 lb. when the running weight is 
1 lb. Prove that the fulcrum is 1 inch from the zero of the 
divisions and £ inch from the centre of gravity oi Vtaa fc\£&^«x&. 
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43. The beam and scale-pan of a common steelyard weigh If lbs., 
and their combined centre of gravity is 1 \ inches from the fulcrum 
on the same side as the scale-pan. The distance of the scale-pan from 
the fulcrum is 4 inches and the zero mark is 2 J inches from the 
fulcrum on the other side. If the greatest load that can be weighed 
is 6 lbs., find the magnitude of the travelling weight and the length 
of the graduated part of the arm. 

44. A ladder 18 feet long has its centre of gravity 7 feet from 
one end. It is carried by two men, one taking hold 4 feet from the 
heavy end, the other 6 feet from the light end. How is the weight 
distributed between them 1 

45. A uniform rod, of length 6 feet, weighing 10 lbs., rests with 
its extremities on two props A, B; a second rod, of length 6 feet 
and weight 8 lbs., rests with one extremity on a prop C, and 2 feet 
of its length extending across the rod AB, which it intersects at 
a distance of 1 foot from A. Find the total pressures on the three 
props. 

46. A heavy uniform ladder, weighing 120 lbs. and 20 feet long, 
is carried on the shoulders of two men respectively at distances 
3 and 5 feet from the ends. Find the pressures on their shoulders. 

47. A railway carriage whose weight is 24 tons is exposed to 
a wind pressure of 10 lbs. per square foot acting upon one of its 
sides. The area exposed to wind pressure is 500 square feet, and 
the resultant pressure acts at a height of 8 feet above rail level. 
If the distance between the rails is 4 feet 8J inches, what is the 
vertical reaction on each rail ? Determine also the least wind 
pressure that will overturn the carriage. 

48. A heavy rod passes through two fixed rings which are 3 feet 
apart and in the same horizontal line. The pressures on the rings 
are P and Q, while if the rod is pushed on 6 inches through the 
rings, the pressures are Q and P. Find P and Q in terms of the 
weight of the rod. 

" Taking Moments." — We have already noticed that the 
magnitude of a single force may sometimes be very con- 
veniently found, without effecting the complete solution of 
a statical problem, by resolving in some particular direction. 
We can often obtain all the information we need, as 
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regards same particular problem, from an equation express- 
ing the fact that the sum of the moments of the forces in 
action about one judiciously-chosen point vanishes. 



Examples. 

49. Consider a heavy uniform rod AB, length 2a, weight W, which 
can turn about a horizontal axis at A, and is pulled aside by a string 
tied to the end B. Given the in- 
clination of the rod to the vertical 
= a, and the inclination of the 
string to the vertical = 0, find the 
tension of the string. 

The forces acting on the 
rod are shown in the figure. 
We do not require the force 
S, so we will take moments 
about A, so as to obtain an 
equation not involving S. This 
equation is — 

T . 2a sin a +~0 - W . a sin a = 0, 




or 



T = 



W sin a 
2 sin (a + $)' 



50. A heavy uniform rod, 12 feet long, weighing 120 lbs., rests with 
one end on a horizontal plane, and can turn about a horizontal axis 
at right angles to the rod and 2 feet above the plane. If the rod 
projects 2 feet beyond the axis, find the force at the upper end 
which, acting on an angle with the rod, will just make it begin to 
turn. 

[If the rod has just commenced to turn, the lower end is just off 
the ground.] 

51. A force of 10 lbs. acts tangentially at the circumference of a 
pulley 2 feet in diameter. What force must be applied to a rope 
coiled round the shaft to which the pulley is Wjwi (^st $«fcS>i \» 
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prevent the pulley from turning t The diameter of the shaft is 
3 indies. [Army] 

52. A cubical case, side 2 feet, is on the floor. A man pulls at the 
right-hand top edge so as to turn the case over about the left-hand 
lower edge. Find the least pull in a direction inclined at S to the 
horizontal which will just begin to turn the case. What is the best 
value of 9 J 

53. A garden roller weighing ljcwts., radius of roller lfi Inches, is 
tu be drawn up a step 6 inches high. Assuming the pulling force lo be 
inclined upwards at 10° to the horizontal, find the least pull which 
will just begin to raise the roller off the ground. What is, at this 
instant, the reaction of the edge of the step in magnitude and 
direction 1 

[The lines of action of the pull and of the weight may be assumed 
to pass through the centre of the roller.] 

54. A wheel of radius B and weight W rolling along a horizontal 
road comes to rest against an obstacle of height k. Find the least 
horizontal pull X applied to the axle which will begin to raise the 
wheel. Find the direction of the very least pull P, applied to the 
axle, which would begin to raise the wheel. 

Taking W = 100 lbs., h = 2 inches, work out X when R = 12, 18, 
24, 36, 49 inches. Plot a graph showing the relation between E and X. 

It is sometimes convenient 
in rinding the moment of a 
force about a point to replace 
the force by its components 
in two directions at right 
angles, 

55. A force P acts at ah inclina- 
tion of 15° on a uniform block 
weighing 2 cwts., as in the figure. 
Find the magnitude of P if il 
A B would just begin to upset the 

block about A, given AB = 2 feet, 
150 = feet. 

When the block is just beginning to turn it rests 
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each 8 feet long, and is worked by eighteen men, three at each bar. ' 
The man at the end of each bar pushes with a force of 80 lbs., the 
next man, at 2 feet from the end, with a force of 100 lbs., and the 
next man, at the middle of the bar, with a force of 120 lbs. What 
resisting force, acting 6 inches from the axis of the capstan, can they 
overcome? 

02. Three men at the end of three bars of a capstan undertake to 
hold the capstan still against five others. At what distance from the 
centre should the five be placed to make a match, all men being 
supposed equally strong? 

63. A capstan has an axle 2 feet in diameter, and is fitted with six 
bars each projecting 7 feet from the outside rim of the axle. Twelve 
men push, each with a force of 50 lbs., six at the six ends and six at 
a distance of 2 feet up the bars. Find the weight lifted by a rope 
round the axle. 

04. A capstan is 3 feet in radius and the capstan bars project 
1 feet (measured from the centre of the capstan). A man undertakes 
by shoving at the end of a bar to hold the capstan against six men of 
equal strength hauling on a rope round the capstan. Can he do it? 
Give your reasons. 

65. A bar CD, inches long, is pivoted at D. A block A is com- 
pelled by guides "to travel in a straight line, the prolongation of 
which passes through D. A and C are joined by a bar 8 inches long, 
attached by pin-joints. If a thrust of 300 lbs. weight acts on A in 
the direction AD when A is 11 inches from D, what force acts in 
consequence along the bar AC ? Enumerate the forces acting on the 
block A. 

66. To support a railway signal post 30 feet high, a second post 
15 feet high is put up 20 feet away. A wire from the top of the 
signal post is made fast to the top of the other post and then carried 
to the ground and made fast 10 feet from the foot of the second post. 
Find what the pull in each part of the wire must be to produces 
horizontal pull of P lbs. weight on the signal post. 

67. The points of contact with the ground of the front and hind 
wheels of a wagon are 3 feet 6 inches apart. The loads on the front 
and hind wheels are 5 and 9 cwts. respectively. The wagon rests 
on a platform 20 feet long, supported in a horizontal position by 
props at its extremities. What are the pressures on these supports 
due to the weight of the wagon when its hind wheels are exactly 
over the centre of the platform ? 
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when unloaded. Show how to find the true weight of a body which 
appears to weigh W l if placed in the right-hand scale-pan, and W 2 if 
placed in the left. 

If a body rests against a smooth surface, being in contact 
with it " at a point " the direction of the action and re- 
action between the two bodies is along the line at right 
angles to both surfaces at the point of contact. This line 
is technically called the " Common Normal." 

76. A uniform rod ABC in a vertical plane rests on a smooth rail 
at B, and is held in position by a string tied to A, and to a point on 
the ground vertically below B. If BC = 3AB, show that the length 
of the string must equal the height of B above the ground, and that 
its tension is equal to the weight of the rod. 

Parallel Forces. — We have deduced a method of finding 
the resultant of two or more parallel forces from the prin- 
ciple of the lever. It is of interest to show that the same 
conclusions may be deduced from the principle of the 
parallelogram of forces. 

1. Consider two parallel forces P, Q represented by the 
lines AB, CD (see figures opposite). 

2. Imagine two equal and opposite forces X applied one 
at A the other at C. 

3. Replace X and P by their resultant R, and X and Q 
by their resultant S, found by the parallelogram rule. 

4. If the lines of action of R and S meet in O, we may 
imagine R and S to act at O. 

5. R at may be decomposed into two forces X and P 
parallel to the original directions of X and P. Similarly, 
S at O may be decomposed into X and Q. 

6. The two equal and opposite forces X balance one 
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another, and consequently the force P + Q at O is the 
resultant of the original forces P and Q. 

7. P + Q may be supposed to act at M. 

The foregoing proof depends upon the assumption: 




P+Q 



A. force may be imagined to be applied to a rigid body at 
my point on its line of action, that is to say, it is im- 
material at what point in its line of action a force is 
supposed to act on a rigid body (p. 73). 



Example. 

77. Show that if P and Q are supposed to act at any other points 
\.' C on their lines of action, the magnitude and line of action of 
;he resultant will be unaltered. 
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The foregoing construction has determined the mag**- 
hide of the resultant and the fact that it is parallel to 
the original forces. 

It remains to find how the position of the line of action 
depends on the positions of A and C. 




Then 



(1) 
(2) 



Let the line of action of the resultant cut AC in M. 

OMP 
AM~X' 

MC = X 
OM Q* 

Therefore, multiplying together — 

MC = P X 
AM X* Q' 

Hence the line of action of the resultant cuts AC in a 
point M which divides AC, so that =— j = j£. 



Examples. 

78. Draw the set of six figures arid explain the corresponding 
construction for the case when P and Q are in opposite directions. 
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You will conclude that the resultant is P^Q, and that it acts at a 
point M in AC produced towards the side of the greater force such 
that Q x CM = P x AM. 

Cor. — The position of M, depends on the magnitude of P and Q 
and on their being parallel, but not on their having any particular 
direction. That is, if P applied at A and Q applied at C are turned 
through any angle, their resultant will still act at M, and will be 
turned through the same angle. 

The position of M is readily found, as we have already noticed, 
by observing that the moments of P and Q about M are equal in 
magnitude and opposite in sense. 

79. Examine whether the moment about any point of the 
resultant of two parallel forces is equal to the algebraic sum of their 
moments. 

Cor.— If any number of given parallel forces act at points 
A, B, C . . . their resultant passes through a certain point whose 
position does not depend on the direction of the forces. 

80. Three equal like parallel forces act at the corners of an 
equilateral triangle. Find the point through which their resultant 
always passes. 

[The point is sometimes termed the centre of the parallel forces.] 

81. Parallel forces of 10, 18, 14 and 6 lbs. weight act at the 
angular points, taken in order, of a square. Find the position of the 
centre of parallel forces when the forces 10 and 18 act in one 
direction and the forces 14 and 6 in the opposite direction. 

82. Four like paiallel forces of 1, 2, 3 and 4 lbs. act at the corners 
of a square whose side is 4 inches. Find the position of the centre 
of these parallel forces. 

83. Give a geometrical construction for the point M in which the 
line of action of the resultant of parallel forces P at A and Q at B 
cuts AB. 

84. Unlike parallel forces, i.e. parallel, but in opposite directions, 
act at two points, A, C, 1 inch apart. Calculate the magnitude of the 
resultant, and the distance from A of the point in which its line of 
action cuts AC produced in the following cases — 

(1) P = llb., Q = 11 lbs. 

(2) P = llb., Q = 101 lbs. 

(3) P = 1 lb., Q = 1001 lbs. 
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Experiment 2. 

Hang up a straight light rod by a fairly long string. 
From pins inserted at points A, B, C on the rod horizontal 
threads pass over pulleys whose centres are fixed. 

Make AB = 4 inches, BC = 3 inches, and hang weights 
of 03 and 04 lb. over the pulleys corresponding to A and C. 




B 








Find what weight hung over the remaining pulley B 
will maintain the rod vertical. 

A vertical frame, to the sides of which the pulleys can be 
screwed, and from the top bar of which the rod can b 6 
hung, is useful for this experiment. 

Does the tension of the vertical string affect the relation 
between the weights ? 

Example. 

85. Arrange the experiment so as to show the resultant of unli* e 
parallel forces of 0'2 and 0*3 lb. acting in lines 2 inches apart. 
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and we see that the larger n is the smaller is the difference 
between P and Q, and the greater is the distance AM. 

Example. 

86. Let AB = 1 foot. Find the moment of the resultant about A, 
B, and a series of points distant 1, 2, 3 . . . feet from B, supposing 
x = io*o( b xinjtanro" ... of a foot. 

This example indicates that although the magnitude of 
the resultant diminishes continually as x diminishes its 
moment about any point near AB does not vanish, but 
remains approximately constant. 

Couples. — To a pair of equal, oppositely-directed 

parallel forces a name is given. They are termed a couple. 

It is evident that two equal and opposite parallel forces 

acting on a body have a tendency to turn the body, and it 

is easy to see that the actual direction of the forces which 

constitute the couple is 
immaterial so far as their 
turning effect is con- 
cerned. 

Thus, consider a capstan 
with six or eight bars 
radiating from the centre. 
If there are two men turn- 
ing the capstan, working 
at the ends of two oppo- 
site bars, it is obviously 
immaterial which pair of 
bars they choose, so far as the turning effect on the 
capstan is concerned. 
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have as resultant two equal and opposite forces acting in 
the same line, and are therefore in equilibrium. 

This proposition serves to draw attention to the great 
importance of the words in the enunciation " applied to a 
rigid body." Two equal and opposite couples in parallel 
planes exert a powerful twisting effect on the body to 
which they are applied, but assuming that the body is 
rigid, they have, as the proposition shows, no tendency to 
turn it as a whole. 

Besultant of two Couples. — IV. The resultant of two 
couples acting in parallel planes on a rigid body is a 
couple in a parallel plane whose moment is equal to the 
algebraic sum of the moments of the original couples. 

The second couple may be replaced, without alteration, 
by a couple in the plane of the first (Prop. III.). Let 



P 4 



P«- 



a 



P 



*P 



-»P 



the first couple consist of two forces, each P, at a 
distance apart of a. The second couple, consisting of two 
forces, each Q, at a distance apart of b, can be replaced 
by a couple consisting of forces, each P, at a distance apart 

of p- (Prop. I.), and these forces can be turned round, 
without altering the moment of the couple, until they are 
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lei to the forces of the first couple (Prop. II.), and 
ier, until the lines of action of two oppositely directed 
s coincide. The figure is drawn for the case when 

couples are counter-clockwise in sense of rotation. 

now evident that the resultant is a couple consisting 

ro forces, each P, at a distance apart a + -* , i. e. the 
lent of the resultant couple is Pf a + ^ J, or Pa + Qfi. 



Example. 

Draw the figure for the case when the second couple is 
wise. 



Experiment 3. 
) show that couples of equal moment but opposite 




PC 




^x 




ss balance if acting on a rigid body. 
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Using the frame and rod referred to at page 116, mark 
four points ABCD on the rod. Let AB = 5 inches, CD 
= 8 inches. Apply at A and B equal unlike forces, each 
0*8 lb., by threads passing over pulleys as in the diagram. 

Find what equal unlike forces applied at C and D will 
preserve equilibrium with the rod vertical. Find whether 
your result is altered if A and B are in front of the rod, 
and C and D at the back. For this purpose a rectangular 
block of wood, say 18 inches long by 4 inches square, is 
suitable. 

Examples. 

89. A picture weighing 14 lbs. hangs from a nail driven into the 
wall. What is the couple tending to bend the nail when the picture 
cord is close to the wall, say 0'05 inch from the wall, and what 
is the couple when the cord hangs at the head of the nail, 1'2 inches 
from the wall ? In which position ought the cord to be placed ? 

90. Along the sides AB and CD of a square ABCD act forces each 
equal to 2 lbs. weight, whilst along the sides AD and CB act forces 
each equal to 5 lbs. weight. If the side of the square be 3 feet, find 
the moment of the couple that will give equilibrium. 

91. When a boy sits on the branch of a tree the branch will 
probably break at the trunk if it breaks at all. Is it more likely to 
break if he sits near the trunk or further away ? If the boy's 
weight is 100 lbs., what is the couple tending to break the branch 
when he sits 7 feet from the trunk ? 

92. A beam 12 feet long and supported at the ends carries a load 
of 10 cwts. at a distance of 5 feet from one end. Neglecting the 
weight of the beam, find the thrust on each support and the couple 
that tends to bend the beam at the middle point. State the units in 
which your answers are given. 

Moment of a Force about a Line. — Let the paper represent 
a horizontal plane. The moment of a force P in the plane 
about a point O in the plane is of course P x OM. This 
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is also the moment of P about a line through O perpen- 
dicular to the plane. The moment of a force about any 
line at right angles to a plane containing the force is equal 
to the moment of the force about the point in which the 
line cuts the plane. 

Examples. 

93. A door 6 feet 6 inches by 3 feet 6 inches by 2 J inches thick 
turns about a vertical axis. A force T of 5 lbs. is applied as in the 




figure, which is a bird's-eye view or " plan " of the door and doorway. 
Find the moment of this force about the axis when the door is 
opened through an angle of 20°, 40°, 60°, 80°. 

94. A round table of radius 3 feet and weight 80 lbs. has four legs 
at the corners of a square, each 2| feet from the centre. What is the 
least vertical foTce on the table which will lift two of the legs off the 
floor, and where must it be applied ? 

95. A uniform square plate of weight W rests horizontally on 
three props respectively at two adjacent angles and the middle point 
of the opposite sides. Find the greatest weight which can be placed at 
one of the other angles without causing it to topple over. 



CHAPTER V 

In this chapter some machines will be described in 
which the principles already described are turned to 
practical account. 

Experiment 1. 

Letter Weight. — As an experimental illustration of the 
principle of the lever we will show how to make a simple 
contrivance for weighing letters. 

Take a piece of brass rod, say of section J by ^ inch, 
about 6 inches long. Clean it thoroughly and lacquer l it 
if desired. Quite close to one end drill a small hole, and 
through the hole pass a small ring. (A split ring is best 
if obtainable, if not a sufficiently good ring may be twisted 
up of copper wire.) Slip a bicycle trousers clip through 
this ring. Hang a 4-oz. weight by a small piece of thread 
from the clip and balance the rod on a pencil placed 
close to the edge of the table. Take care that the pencil 
is at right angles to the rod, and find the position in 
which the rod just balances over the pencil This is 
easily done by giving the pencil a slight rolling motion 

1 A good effect is produced with much less trouble by rubbing the 
brass irregularly with a bit of oil-stone, well oiled. 
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]x>sing that such large weights could be obtained, would 
be very inconvenient. 

A weighing-bridge is a machine consisting of a com- 
bination of levers so arranged that the counterbalancing 
weight bears a certain fixed ratio to the weight of the 
load. Thus in the decimal weighing-bridge the counter- 
balance weight is only one-tenth of the weight of the 
load. 

A C B D 




In the simpler forms of weighing-bridge there are three 
levers : the balance-arm AD, the platform EG, and the 
intermediate lever FH. The load is placed on the plat- 
form and it is counterbalanced by weights in a scale-pan 
suspended from the end A of the balance-arm. The 
platform EG and the lever FH are connected with the 
balance-arm by rods BE and FD, resting on knife-edges at 
their extremities so as to give freely moving joints, con- 
centrating the pulls in these rods at definite points of the 
balance-arm. When the balance is in equilibrium the 
three levers are horizontal and the two rods vertical. 

The lever FH moves about a fixed knife-edge at H as a 
fulcrum, while the platform has a knife-edge at G, resting 
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the equation then becomes — 

wAC = P x CB + Q x CB, 
= (P + Q)CB, 
= W.CB. 

If then the balance is so constructed that B divides 
CD in the same ratio as G divides HF, we may regard 
the load W as suspended directly from B. If now we 
wish to have a decimal balance we must make BC one- 
tenth of AC, if a centesimal balance BC must be one- 
hundredth of AC. 

Nothing has been said about the weights of the different 
parts of the bridge. There will, of course, be tensions in 
BE and DF initially due to the weights of the lever and 
platform, but we may leave these entirely out of account 
if, before commencing the weighing, the balance is in 
equilibrium. The pulls produced by the load will be in 
addition to the initial pulls, and the equations we have 
put down will still hold. 

Will the position of the load on the platform affect the 
result in any way ? 

A simple model weighing-bridge may be easily made, 
filing up knife-edges of brass and using fine chain for the 
suspension rods. 

An instrument of this kind is employed for rapidly 
counting out a large number of small similar objects such 
as screws. If a decimal balance were employed a single 
screw on the one side would balance ten screws on the 
other. These ten transferred to the other side would 
balance one hundred, and so by these means any desired 
number can be rapidly counted out. 
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" Penny-in-the-slot " Machine. — The ordinary " penny -in- 
the-slot" weighing-machine is a somewhat complicated 
piece of mechanism, owing to the necessity of setting the 
mechanism at work with a penny, and of preventing more 
than one person being weighed for the same penny. But 




the mechanical principle on which the actual weighing 
depends is simple. The machine may, in this aspect, be 
considered as a " wheel and axle." 

A circular disc can turn about an axis at right angles to 
its plane through its centre O. A weig\\\, N? ^\k«c^ Vj ^ 
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flexible cord, which is coiled on the circumference. The 
person to be weighed stands on the platform and (as in the 
weighing-bridge just described) produces an additional 
pull proportional to his weight in a chain coiling on a 
concentric groove of radius a. A weight W x is fixed to 
an arm projecting from and rigidly attached to the disc. 

When there is equilibrium the sum of the moments 
about O of W T and of the pull of the chain must equal the 
moment about O of the weight W 2 . But the moment of 
W 2 about O is the same for all positions of the disc. 
Hence the diminution in the moment of W lf due to the 
disc turning through any angle 0, must just equal the 
increase in the moment of the pull in the chain due to the 
additional load on the platform. Initially, before the person 
steps on the platform, let the arm AO (r) be horizontal. 

The moment of W x about was originally WyT. When 
the disc has turned through an angle it is W x X AM, or 
Wjr cos 0. Hence the decrease in the moment of W x is 
W^l-cos (9). 

The additional pull in the chain being X, the increase 
in the moment is Xa, and therefore — 



Xa = W a r(l - cos 0), 
or cos 



q _ W x r — Xa __ - _ Xa 
W x f "" ~" " Wjr 



For each given weight on the platform there is a given 
additional pull X on the chain, and therefore a certain 
definite inclination of the arm, determined by the above 
equation. 
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of W lbs. descending through A feet cannot perform more 
than WA foot-pounds of work, and to raise a weight or 
push back a resistance of W lbs. through a distance of 
h feet involves the doing of at least WA foot-pounds of 
work. " That which can raise a weight through a certain 

bcight can raise n times the weight through - of the 

height." The principle of work was enunciated in these 
terms in the thirteenth century, by Jordanus, of Nemi 
(Dukem, p. 358> 

Examples. 

5. The diagram shows an arrangement of pulleys for hoisting up 



weights such as a sack of c 



l into a warehouse. How man; feel 
of rope must the man pnll in 
order to raise the load 1 foot? (see 
figure). If the load weighs 140 
lbs., what is the least force which 
will enable the man to lift the 
weight. 

[The ratio J^-^Vistermed 
force applied 
the mechanical advantage of a 
machine.] 

6. A man winds up a backet of 

water weighing 60 lbs. through a 

height of 50 feet by a wheel and 

'"-' axle. The rope coils on the aile, 

whose diameter is 9 inches, awl 

the radius of the wheel is 20inc!iei 

What is the least force applied 

tangentially to the wheel wtaid" 

'ill raise the bucket 1 How many foot-pounds of work at least mas' 

he man do) If one-third of the work done by the man is wasted, 

wing to the stiffness of the mechanism, how many foot-pounds 

f work must the man do 1 

In practice some of the work expended in working » 
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perfectly smoothly the tension of this rope will be the 

same throughout. 

Examples. 

8. What is, on this supposition, the total pnll on the block £ due 
to a pull of 5 cwts. in the rope 1 What amount of rope must be 
pulled out in order to move the block B 1 foot % What is the ratio 
of the distance moved by the pulling force to the distance moved 
by the resistance 1 This ratio is called the velocity ratio of the tackle. 

9. ( 'ompare the velocity ratio of the previous tackle with what it 
would be if A were the running, B the standing block. 

10. Suppose the efficiency of the tackle in Example 8 to be 50 
per cent., what pull is required to overcome a resistance of a ton ? 

In order to make a reason- 
able allowance for the loss of 
efficiency due to the stiffness 
of the ropes, the want of 
freedom in the running of 
the pulley and similar causes, 
it is often assumed 1 that a 
rope which is being pulled 
on loses a certain fraction of 
its tension each time it passes 
over a pulley. 

We will calculate the effi- 
ciency of a tackle (see figure) 
on the assumption that the 
fraction lost is -J. 

Considering the lower block 
we have — 

Lifting force on it = £P + | X J P. 
Load on it = W, say. 
1 This assumption has some theoretical justification. 
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14. In a machine for raising weights, a pull of 50 lbs. will raise a 
load of 2 cwts., but 6 feet of rope must be pulled in to raise the load 
1 foot. What is the efficiency 1 

15. When one of the keys of a pianoforte is depressed through 
I inch the hammer is raised through a vertical height of 2 inches. 
A force of 2 oz. weight will just depress the key. Find the 
weight of the hammer. Neglect friction and all weights except that 
of the hammer. [Army] 

Weston's Differential Pulley, shown in figure 1, is a 
machine used for lifting heavy weights. By its use one 
man can raise a weight of a ton or more. It consists 
of a block OAB, which can turn round an axle at 0. 
On the rim of the block are two circular grooves — 
one of slightly greater radius than the other. This 
axle is fixed at a suitable height above the ground. 
An " endless " chain passes, as shown in the figure (2), 
round the larger groove, round a pulley C, from which 
hangs the weight which is to be raised, tben round the 
smaller groove, and so back to the larger groove. It 
cannot slip on the grooves, as ridges are cut to prevent 
this. 

Let the radius of the larger groove be 6 inches, and of 
the smaller groove 5 inches. 

Let the workman exert a pull P, and pull 12 inches of 
chain off the larger groove at B. This causes 12 inches of 
chain to coil up on the larger groove at A, and £ X 12 
inches, or 10 inches, of chain to uncoil from the smaller 
groove at D. 

The result then is that the length of chain between 
A and C and D is decreased by \ X 12 inches, or 2 
inches. 
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Now, P being the pull exerted by the workman in 
pounds — 

Work done by P = 12P inch-pounds, 
work utilized in lifting W=lx W inch-pounds. 

Hence if all the work done by P is realized in lifting the 
weight we should have — 

12P = W, 

showing that a weight of 12 cwts. could be raised by a pull 
of 1 cwt. 

Examples. 

1G. Suppose the efficiency of the Weston pulley were 80 per cent, 
what load could be raised by a pull of 1 cwt. ? 

It is very desirable that a machine used for raising 
heavy weights should not be capable of " taking charge " 
as it is called. That is to say, if the lifting force is 
inadequate, the weight should simply remain at rest 
and not take charge of the proceedings and descend 
violently. 

We shall return to the question of how to prevent the 
machine taking charge in the chapter on friction. 

17. In a block and tackle with two sheaves in each block and the 
rope fastened to the upper block, what is the velocity ratio, i. e. the 
ratio of the distance traversed by the end of the rope to the distance 
traversed bv the load ? 

18. It is found that with this block and tackle that a pull of 
40 lbs. is required to raise a load of 56 lbs. What is the efficiency of 
the machine for this load, i. e. the ratio of the work given out by the 
machine to the work put in 1 

And if a pull of 65 lbs. will raise a load of 112 lbs., what is the 
efficiency for this load ? 
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The rope is endless, that is, it coils up on one part of the 
barrel as it uncoils from the other. 

Examples. 

22. If r x = 8 inches, r 2 = 6 inches, find what weight can be raised 
by a force of 1 cwt. applied at right angles to a handle 18 inches long, 
and how many turns of the handle are required to raise the weight 
5 feet, neglecting friction. 

23. In a wheel and differential axle the diameter of the wheel is 
30 inches, and the diameter of the two parts of the axle are 10 and 12 
inches. If the efficiency of the machine is 45 per cent, find the 
tangential pull on the wheel necessary to raise a load of 500 lbs. 

24. Draw carefully a diagram of that system of pulleys in which a 
continuous rope passes round all the pulleys, showing three portions 
of rope at the lower block. 

Suppose a mark on each of these three portions, the marks being 
originally in a horizontal line. Draw a second diagram showing the 
positions of the marks after the weight has been raised 1 foot. 

25. In a wheel and axle the diameter of the wheel is 3 feet, and 
that of the axle 18 inches. A rope wrapped opposite ways round the 
wheel and axle carries a pulley weighing 8 lbs. What force must be 
applied tangentially to the rim of the wheel to maintain equilibrium ? 

Efficiency of a Machine. — In using any machine it is of 
great practical importance to know what force must be 
applied to raise a particular load. The law which gives 
the relation between the force applied and the load raised 
is generally of a simple nature, as we shall see from the 
following experiment. 

Experiment 1. 
In the annexed diagram of a lifting crab A, B, C and D 
are spur-wheels gearing into each other by means of teeth. 
On the same shaft as the large wheel D is a barrel ft 
round which is wound a strong rope to support the load 
W. On the same axle as the small wheel A is a disc o 
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with a groove cut in the edge, in which lies the cord 
which supports a scale-pan on which is placed the weight 
which is to serve as the 
lifting force. In practice a 
would be replaced by a 
handle worked by manual 
labour, but for purposes of 
experiment it is more con- 
venient to have a disc 
with a groove, and to use 
weights. In an actual ex- 
periment we determined 
the smallest weight in the 
scale-pan which would just 
raise a load of 50 lbs. In 
a similar way the weights 
in the scale-pan required to raise 75, 100, 125 and 150 
lbs. were found. 




Load. 


Weight in scale-pan 

(including the weight of 

scale-pan itself). 


W 


P 


50 lbs. 


1-0 lbs. 


75 „ 


1*4 „ 


100 „ 


1-8 „ 


125 „ 


2'2 „ 


150 „ 


2-6 ., 



Plotting these values on squared paper, we find that 
the five points lie on a straight line. \T\ifc n^Xm^ <& ^ 
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were only taken to the nearest tenth of a pound, and if i 
smaller weights had been available, so that the values of 
P could have been more accurately found, we should have 
found that the points lay approximately on a straight line. 
Wc should then have drawn the straight line of " closest 
fit," that is, the straight line which coincides most nearly 
with the points. The position of this line is most easily 
obtained by stretching a piece of cotton across the 
paper.] 

Since the values of W are so much greater than those 
of P, it is as well to use a much larger scale for P than for 
W. In the diagram actually drawn the scale for P was 
thirty times the scale for W. 

The relation between P and W may now be expressed 
by the equation — 

P = aW + b. 

To get a and b take two pairs of values of W and P, 
represented by two points some distance apart, on the 

line, say (50, 1) and (100, 1*8). 

i 

1 = oQa + b, 
1-8 = lQOa + b, 

2 = 100ft + 2b } 
r.b = 0-2, 

and a = — = 0016, 

oO 

. • . P = 0016 W + 02. 

If 'we produce the line representing the relation between 
P and W backwards, we find that it cuts the P axis at the 
point + 0*2. A force then of 0*2 lb. should work the 
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machine unloaded. This was found to be approximately 
true, for the scale-pan itself weighed 0*2 lb., and was 
just sufficient to put the machine in motion when 
unloaded. 

We arrive at the following result, which is very 
approximately true for many machines. The applied 
force requisite to raise a given load is the sum of the 
applied force necessary to set the machine in motion when 
unloaded, and a definite fraction of the load. 

Form a third column, showing for each value of W ; 

W 

the corresponding value of — . 



w 


P 


W 
P 


50 


10 


50 


75 . 


1-4 


535 


100 


1-8 


OO'O 


125 


22 


56*8 


150 


2-6 


57*6 



Summary. — We will repeat the three important defini- 
tions 1 which have been given. In any machine — 

(1) Efficiency 

useful work realized 



total energy expended" 

1 The terms "efficiency " and "velocity ratio" are always used in 
the sense here defined. Some writers, however, have defined the 

"mechanical advantage" as the ratio .. \-= when the effici- 

^ applied force 

ency is perfect, leaving the last ^ve words to be wufarafattA. 
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(2) Velocity ratio 

__ distance moved by the applied force 
distance the load is moved 

(3) Mechanical advantage 

__ load moved 
force applied" 

Notice that efficiency 
_ useful work realized 
total energy expended* 

_ load x distance load moves 

applied force x distance through which applied force acts' 

= mechanical advantage X — -. — -. r-, 

velocity ratio 

mechanical advantage 
velocity ratio 

It is not sufficient that we should be able by the aid of 
a machine to lift a load which we could not lift directly, 
it is also of great importance that the machine should 
work as economically as possible. That is to say, as much 
as possible of the work or labour put into the machine 
ought to be usefully employed in raising the load. Hence 
the importance of knowing the efficiency. 

The Lifting Crab. — If a cog-wheel with m teeth gears 
with one of n teeth, then if the first makes n complete 
turns the second will make m complete turns. 

Hence, in the case of the lifting crab the velocity ratio 
can be calculated by counting the teeth on each spur 
wheel, and measuring the diameter or the circumference 
of the barrel £, and also of the disc a. 
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Telocity ratio 



circumference of a teeth of C teeth of D 
= — . x x 

circumference of p teeth of A teeth of B 

22*7 66 112 
= -7TZ- X ~ X Yp m ^ ne machine experimented on, 

22-7 
" =ttx3x7 = 734. 
65 

In many machines the velocity ratio is more easily found 
experimentally by finding how far the load is raised 
when the applied force descends through a given distance. 

The velocity ratio for any machine is quite inde- 
pendent of the load. The mechanical advantage and the 
efficiency will, however, vary for different loads. 

In the case of the lifting crab, in which we found that 

P = 0-016W + 0-2, 

WW 1 
mechanical advantage = ~ = = » 

F 0-016W+0-2 0*016 + °~ 

W 

w 

As the load increases, -=- increases towards the value 

= 62*5. The mechanical advantage therefore in- 

)01G 

Teases with the load, and approaches a definite limiting 

alue. 

■c/v; . mechanical advantage 

Hiinciency = — ° 



velocity ratio 

- 1 x.- 1 -, 

0016 + -- 2 73 ' 4 ' 
W 

1 

H7 + M 
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The efficiency, therefore, also increases with the load, and I 

tends towards the value ---= 0*855 = 8o£ per cent. I 
when the load is very great. 

Examples. 

26. Work out the efficiency from the table on p. 145, and state 
its value for each of the 

27. In a crab, the isle 
which is operated by the 
turning handle carries a 
wheel with 13 teeth, this 
wheel engages with a 
large wheel with 79 
teeth, whichis keyed on 
to the axle which rotates 
the winding barrel. 
Diameter of barrel, 12 
inches; leverage of turn- 
ing handle, 18 inches. 
Find the efficiency of 
the crab if a force of 
20 lbs. applied to the 
handle wilt just raise 
a weight of 290 lbs. 

Experiment 2 
for determining the 
efficiency of a 
machine. 

A convenient 
machine for this 
experiment is a worm and wheel gear, 1 and the following 
1 Supplied by Messrs. Cusson, of Manchester- 
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Construct a graph showing the relation between W and 
w. Measure the vertical height which W rises when w 
descends 4 feet. Complete the following table — 



w. 



v>. 



Work done by 
descent of «c. 



Work done in 
raising of W. 



Difference, viz. 
work lost. 



Efficiency. 



Plot the graph, showing the relation between the 
efficiency and the load. 



Examples. 

29. In Weston's blocks, suppose 17 links of the chain would fit 
round one sheave of the upper block, 16 links round the other, and 
13 links round the sheave of the lower block. What is the velocity 
ratio? 

If 40 per cent, of the applied force is effective, what is the 
mechanical advantage ? 

If the percentage efficiency was the same for the reverse motion 
and all weights but the load were negligible, would the load run 
down 1 

30. The pedals of a bicycle, instead of being fixed on the axle of 
the driving wheel, are fixed on another axle which carries a wheel 
with 20 cogs. The driving wheel has on its axle a wheel with 
9 cogs, and these two cog-wheels are connected by a chain. What is 
the velocity ratio ? And why is this arrangement adopted ? 

The Screw. — Every one is familiar with the appearance 
of a screw. An ideal screw may be supposed to be 
formed thus. Take a rectangular piece of paper, draw a 
diagonal, and fold the paper on to the surface of a 
cylinder. 

The diagonal forms a screw line on the surface of the 
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cylinder. Let the diagonal of the rectangle make an angle 



p 




a with the base. Then, comparing the above figures, in 
which corresponding points are marked by the same letters, 
we see that if P is a point on the screw thread, PM the 
perpendicular on the base, and z_OCM = 0, then — 

height of P = OM tan a, 
= aO tan a, 

so that the position of P may be defined by the two 
quantities and aO tan a. 

A cylinder of 4 cm. 
radius is 10 cm. high. 
Draw a rectangle which 
would just fold on to the 
cylinder so as to cover the 
curved surface. Rule lines 
on the rectangle which will 
fold into a screw line making 
five complete turns. 

The rectangle is called the " development " of the 
cylinder. 

The distance between two consecutive threads hl^^&xsx^ 
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parallel to the axis is generally termed the " pitch " l of 
the screw and denoted by p. 

An actual screw cannot, of course, be a geometrical line. 
It may be thought of as a surface containing a series of 
screw threads. 

Experiment 3. 
Take a cylinder, wrap a sheet of paper on it, and fasten 
with elastic bands. Measure the circumference of the 
cylinder after the paper is on. This may be done by 
wrapping several turns of fine cotton round the cylinder, 
counting the number of turns, and measuring the length 
of cotton used. Now draw a rectangle whose base is 
equal in length to the circumference of the cylinder, and 
height equal to the height of the cylinder. Draw a line 
on this rectangle which, when the rectangle is folded on 
to the cylinder, will make a screw of 1 inch pitch. 

Experiment 4. 

The Screw of Archimedes. — This device is said to have been 
discovered by Archimedes. It consists (see figure below) 
of a hollow pipe wound in a screw on a cylinder. The axis 
AB is inclined to the horizontal. If the cylinder is made 
to revolve small objects put in at the lower end of the pipe 
will be conveyed to the upper end. 

The instrument was used in the old days for raising 
cannon-balls from a quay to a ship. It is still used 

1 The quantity a tan a is sometimes called the " pitch" of the 
screw thread (Routh, Statics, p. 210), but the more usual meaning 18 
that stated in the text. 
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and other instruments to which this principle is applied. 

see books on " Practical Mathematics." 



Examples. 

31. How far will the screw advance when it is turned through 1° ! 

32. What should be the pitch of a screw if turning it through 10° 
advances it through a fixed nut 0-001 inch J 

33. The pitch of a screw is ,' ff inch, and its head is graduated 
into 25 equal divisions. How much will the screw advance through 
a fixed nut if it is turned through oue division ? 

The Screw as a Means of exerting Pressure. — A smooth 
screw working in a fixed 
nut will advance through 
the nut if it is turned. 

Suppose a force P ap- 
plied to turn the screw by 
means of a handle of 
length I, it in a letter- 
copying press. 

Let p be the pitch of 

the screw, that is, the 

distance it advances in one 

complete turn. 

Let the point of the screw encounter a resistance X. 

Then we have — 

Work done by P in making one 1 
complete revolution / 

Work done in thrusting the resistance "| 

X back through a distance 2> J 
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If therefore the efficiency is perfect- 

2*1 



X = Px 



P 



Examples. 

34. In a copying-press the length of the handle is 8 inches, and a 
complete turn of the handle causes the screw to advance ^ inch. 
Find the pressure created by a force of 5 lbs. applied tangentially 
to the handle, neglecting friction. 

35. If the efficiency of the machine in Example 34 is 40 per cent., 
what is the thrust exerted ? 

36. Power is applied to a screw-jack at the end of a horizontal arm 
18 inches long (measured from the axis). The screw has a pitch of 
1 inch. If there were no frictional losses what pull would have to 
be exerted at the end of the arm in order to lift half-a-ton 1 What 
would be the pull if only 35 per cent, of the work done on the arm 
is available for lifting purposes ? 

37. A lifting jack has a screw with two threads to an inch and the 
lever arm i3 20 inches long. If 70 per cent, of the work expended 
is lost in friction, what force at the end of the lever arm is required 
to raise 4 cwts. ? 

38. The efficiency of a screw-jack is 40 per cent. The ratio of the 
power to the weight is ^. Find the pitch if the lever is 18 inches 
long. 

39. In operating the lever of a lifting jack it is assumed that a 
man can exert a horizontal force of 100 lbs. The pitch of the screw 
is § inch and the efficiency of the machine is 30 per cent. Calculate 
the minimum length of the lever which is capable of operating the 
jack when the load to be raised is 4 tons. 

40. By the principle of work find the relation between the power 
and the weight in the case of an ordinary screw-jack in which the 
screw is of J-inch pitch and the radius at which the power is 
applied is 2 feet. 

41. A weight is lifted in a screw-jack, pitch J inch, the force being 
applied at right angles to a lever 30 inches long. The load in tons 
and the force in pounds are as follows — 

Load 1 25 5 7 8 10 

Force 12 16 23 28 32 3ft 
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Find a formula connecting the two, and calculate the efficiency 
for the 10- ton and 1-ton loads. 

42. A certain machine is so constructed that a load of W lbs. can 
just l>e lifted 1 foot by a force of P lbs. moving through a distance of 
30 feet, where P = 37 + 0*058 W. Find the efficiency of the machine 
when W has the values 10, 100, 1000 and 10,000 in succession. 

[Army] 

43. In an experiment with a screw-jack the following results were 
obtained — 

Load W lifted in Power P applied in 
pounds. pounds. 

100 12-6 

120 138 

140 15-7 

160 17*6 

180 196 

200 215 

Plot these observations. Draw a fair line through them, and from 
your diagram read off the values of a and 6 which satisfy the equa- 
tion — 

W = a + 6P. [Army] 

44. The driving-wheel of a motor-car is 3 feet in diameter, and a 
wheel 20 inches in diameter keyed to its axle is connected by a belt 
to a wheel 4 inches in diameter. The couple applied to this last 
wheel being G (in pounds-feet), what is the force urging the car 
forward 1 

[Hint : The work done by the couple in turning the wheel once 
is 2irG foot-lbs. Prove this.] 
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FRICTION 



Place a book on the table and push it gently. It will 
not at first move. Yet it is acted on by a horizontal force, 
the pressure of the finger ; and this force, however small 
it were, would move the book if it were the only horizon- 
tal force acting. We see that the resistance to motion is 
due to an opposing horizontal force, called a force of 
friction, between the book and the table. We proceed to 
experiment somewhat more carefully. 



Experiment 1. 

A small pulley is screwed to the edge of a board. A 
fine thread passing over this pulley has a hook at one end, 
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a 



^ 



a 



and a light scale-pan at the other. A thin slab of wood 
or metal is placed on the board, a weight of sag Y^ ^^ 
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placed on the slab, the string hooked to an eye in the slab 
and a weight of 1 lb. placed on the scale-pan. The slab 
does not move. What force of friction is acting ? 

[The string should be horizontal and the slab should be 
thin.] 

Cut the string. If the force of friction continued to 
act it would be the only horizontal force on the slab, and 
consequently the slab would move to the left. As it 
does not do so, we infer that the force of friction ceases to 
act as soon as the force which tends to move the slab 
ceases. 

Place another ^-lb. weight on the scale-pan. If 
the slab still does not move, what is now the force of 
friction ? As the pulling force can be altered without 
motion taking place, we infer that the force of friction 
adjusts itself automatically to just the amount requisite to 
prevent motion ; being \ lb. when \ lb. is needed, and 
1 lb. when 1 lb. is needed, and so on. The simple fact that 
it is no easier to drag a body resting on a horizontal floor 
one way rather than another, shows that the force of 
friction changes its direction so as to oppose the pulling 
force. From such experiments we infer the following 
important rule — The force * of friction always acts in such 
a direction as to prevent motion, if the system is at rest, 
or to destroy relative motion if the system is moving. 

The student will realize that friction is often the cause of 
motion. Thus, if we place a penny on a card and move 
the card slowly, the friction will prevent the penny from 
moving relatively to the card and so will set the penny in 
motion. 
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simply causes it to slip round and round without moving 
the screw. 

A similar arrangement is used to prevent the shock of 
firing a heavy gun from injuring the teeth of the elevating 
gear. 

Our next step is to investigate upon what circumstances 
the amount of this maximum force of friction depends. 

Experiment 2. 

Take a thin slab of hard wood — which had better be 
freshly planed and clean — attach a string to it, and hook 
a spring balance to the end of the cord. Place the slab on 
a level table. It will be as well to have two people to 
carry out the experiment. Place a weight of 2 lbs. on the 
slab and pull on the spring balance, being careful to keep 
the string horizontal. 

It is good to let the slab have room to move some 
distance, at least one foot, as at starting a little 
adhesion, which has been jocularly termed a force of 
" sticktion," is apt to interfere with the regularity of the 
results. For this reason it is convenient to just start the 
slab by hand, and endeavour, by means of the spring 
balance, to just keep it moving slowly and steadily. Read 
the spring balance, being careful to avoid parallax. 1 Re- 

1 Parallax is the name given to an error, which may be indicated 
by the following example : — A pointer moves in front of a vertical 
scale. The observer in the left-hand figure sees the pointer opposite 
the graduation 4. The observer in the other figure sees the pointer 
opposite the graduation 5. But the pointer has in reality not moved 
at all. It is the observer who has moved. All observations in 
which the position of a pointer is read from a scale are liable to 
parallax error. It may be diminished by bringing the pointer very 
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it the experiment, with loads on the slab of 4, 6, 8, 10, 
I 12 lbs. Plot the results of the experiment as a graph. 

Examples. 

. In an actual experiment the following values were obtained 
ight of slab negligible) — 



tad of slab in pounds. 


Pull on spring 
balance which just main- 
tains motion. 


Value of jv« 


N 


F' 




2 


0*55 




4 


110 




6 


1-75 




7 


220 




9 


2*65 




11 


3-20 




13 


375 





v to the scale, and by trying to keep the line of sight at right 
les to the scale. Familiar examples of the eifect of parallax may 
^iven, e. (j. (1) the apparent relative movement of objects on 
ing one eye ; (2) the difficulty of telling the time to a minute 



6 




in one looks at a clock from a position very much to one side ; 
the impossibility of judging a race unless the judge is standing 
lie winning post ; (4) the use of a mirror below the needle of a 
'anometer. When the reading on the scale of the galvanometer of 
reflection is the same as that of the needle there is no parallax error. 
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Plot these results as a graph, and you will find that the repre- 
sentative pionts are very approximately in a straight line. What do 
you infer as to the relation between F / and N ? What value for 

F 
the ratio N is suggested by the slope of this line % 

2. Treat the results of your own experiment in a similar way. 
You will probably conclude that the maximum possible force of 
friction F' between two given surfaces is directly proportional to 
the force N pressing them together, and that in Example 1, the 

ratio ^ has approximately the constant value 0*26. 

3. Suppose with a total load of 10 lbs. motion ensues when the 
pulling force is 2'7 lbs., but that the string makes an angle of 5° 
with the horizontal. What is the real horizontal force, and the 

F / 

real normal pressure? Compare the true value of ^ with the 

value which will be found if the obliquity of the string is not 

noticed. 



We may remark that it is not easy to obtain very 
consistent results from experiments on friction, even 
when every precaution is observed. 

Always use the same portion of the table throughout 
the experiment, and be careful not in any way to alter 
the nature of the surfaces, for instance by polishing them 
afresh, in the course of the experiment. 

In experimenting with wooden surfaces fewer irregular- 
ities will be encountered if the direction of motion is along 
the grain of both surfaces. 

The effect of "sticktion" may generally be greatly 
diminished by keeping up a rapid gentle tapping on the 
table. 

The conclusion that the maximum possible force of 
friction Y between two given surfaces is proportional 
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got by using a glass block, sliding on a level surface 
of paper. 

The reason of this is that we wish to vary only one 
circumstance of our experiment at a time. Any change 
observed in the maximum friction must then be due to 
the only condition that has changed. 

Now it is impossible to be sure that two pieces of 
wood differ only in area of surface. Their flatness, 
smoothness, state of grain may differ, but a well-polished 
block of metal or glass is remarkably uniform in surface. 



Experiment 3. 

Place a large sheet of paper or blotting paper on a 
level table. Take a rectangular slab of glass (in an 
actual experiment a block 4| inches by 2^ inches by 
■f inch was used), slip a loop of string round it, hook it 
on to the spring balance and place it on the table. 
Placing a bit of card or paper on the top of the slab 
to prevent scratching the glass, put a weight of say 
4 lbs. on the block and determine what pull in the 
spring balance will just move the block. 

Repeat this with the block standing on two other 
unequal faces and also with other weights. You will 
probably conclude that so far as this experiment shows— 
the maximum force of friction is independent of the area 
of the surfaces in contact. 

We have already remarked that practically it is not 
very easy to obtain two surfaces which differ only in area ; 
and it is also clear that if the pressure is so great as to 
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alter the character of the surfaces, which is more likely to 
occur when the area of contact is small, our conclusion 
will not hold good. 

It is important to notice that in all the foregoing 
experiments the surfaces in contact have been supposed to 
be dry. No lubricant such as oil or grease has been used. 
The laws of friction when lubricants are employed are 
very different from those of solid friction; and, in par- 
ticular, the maximum friction is not independent of the 
rubbing area. 



Examples. 

4. A uniform ladder inclined at 65° rests between a rough pave- 
ment and the smooth wall of a house. Find the amount of friction 
brought into play if the ladder weighs 85 lbs. 

5. A 14-lb. weight rests on a plane inclined at 29° to the horizon- 
tal. What frictional force is called into play % 

Summary. — It may be convenient to bring together the 
inferences we have drawn. 

(1) Friction always opposes relative motion. 

(2) The force of friction F will in any given case assume 
any value, lying between and a certain maximum F' 
which may be required to prevent motion. 

(3) The maximum force of friction F' is equal to /xN 
where /u, is a coefficient whose value depends on the 
material and the condition of the surfaces in contact, and 
N is the pressure between the surfaces, at right angles 
to them. 

N is generally termed the normal pressure. 
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Example. 

6. If there were no friction what would happen to books or dishes 
placed on a table when the table was moved horizontally ? 

Smooth Surfaces. — Two surfaces between which no 
friction can act are termed smooth. No perfectly smooth 
surfaces exist, but fine ice or highly polished metallic 
surfaces approximate towards perfect smoothness. 

If we do not wish to rely upon friction as a means of 
preserving equilibrium we assume that the bodies are 
smooth ; and if the other forces acting can then preserve 
equilibrium they will certainly do so when the bodies 
are rough. 

If we desire to prevent slipping between two surfaces 
we may either — 

(a) Press them more strongly together. 

(b) Increase the coefficient of friction between them. 

Examples : (a) A tight belt is less likely to slip on a 
pulley than a loose one. 

In a locomotive engine, the designer tries to concentrate 
weight on the driving wheels. 

It is said that if a horse drawing a cart on a frosty day 
cannot move because his hoof slips, increasing the load 
on his bach will sometimes enable him to do so. 

(6) Scattering sand on a frozen road, or on the rails 
when they are wet or greasy. 

Total Reaction. — The resultant of the friction F and 
the normal pressure N is often termed the total reaction 
R of the surface. 
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The total reaction R makes with the normal pressure 




N an angle whose tangent is ^. As the 



that the greatest possible 
angle a between R and N 
has its tangent equal to p, 
that is— 

tan a = /i. 
This angle is often termed 
the " angle of friction." 

The angle of friction is 
the angle whose tangent is 
equal to the coefficient of 
friction. 

The line of action of R 
may lie anywhere within 
a right circular cone — 
vertex at the point of con- 
tact, axis along the normal, ° 
and semi-vertical angle a, but cannot tie ouV.»&e ftiva. wsok- 
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Examples. 

7. Express the maximum total reaction R' in terms of N and a. 

8. A uniform cubical block rests on a horizontal table, and is just 
not moved by a horizontal force applied to the top edge, parallel to 
the sides. At what point of the base does the resultant total reaction 
act ? Find whether the block will commence to upset or slip if 
a =20°, and if a =30°. 

9. A small flat disc is placed on the outer surface of a rough 
sphere. If the angle of friction is a, draw a diagram showing the 
portion of the surface upon which the disc can rest without slipping. 

10. A number of equally rough blocks are piled symmetrically 
one on another, and a gradually increasing horizontal force is applied 
to the centre of a vertical face of the topmost block. If equilibrium 
is broken by sliding t aking place, how will movement occur ? If 
equilibrium is broken by the system upsetting, how will movement 
occur 1 

The fact that, when the friction is at its maximum the 
direction of the total reaction makes an angle, whose 
tangent is /*, with the normal to the surface, often enables 
us to simplify the solution of a problem. 




Thus, consider a stone resting on an inclined plane. 
The forces on it arc : (1) The weight W vertical ; (2) the 
total reaction, R, of the plane. As the stone is at rest, 
these forces must be equal and opposite ; that is, the 
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BLOCK ON INCLINED PLANE 



tion of R must make an angle a, equal to the angle 

of friction, with the 
vertical. 

Draw a vertical 
line, AB, to represent 
W. Through A draw 
a line parallel to the 
direction of P, and 

through B a line 

* parallel to that of R, 

these lines meeting in C. Thus the angle A of the triangle 
ABC is 90° — 0, and the angle B is a. As the sum of the 
three angles of the triangle is 180°, C must be equal to 
90° - a + 0. 

JP = AC 
W AB 




Now 



Hence, if the direction of the pull P alters, the 
magnitude of P changes in the same way that AC 
changes. 

Hence, if we draw a perpendicular AM on to BC, we 
perceive that AM is the direction of the least pull that 
will move the block and its magnitude P' is given by the 
equation — 



F = 
W 

Notice that we have — 

P AC 



AM 
AB 



= sin a. 



sin a 



W 
W 



AB 

BC 
AB 



sin (90 -a + 0) 

sin ( 90- 0) 
sin (90 -a + 0) 
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plane of length 30 feet, the top of the plane being 12 feet above the 
bottom. If the amount of work expended is 3 foot-tons, find the 
coefficient of friction for the box and the plane. 

23. A box, weighing 240 lbs., is supported on a plane inclined at 
40° to the horizon by a rope attached to it and inclined at 20° to the 
plane. If the coefficient of friction is 0*4, what is the least pull in 
the rope required to move the box up the plane ? 



Experiment 4. 

Coefficient of Friction by Inclined Plane. — A plane is 
inclined at a certain angle i to the horizon and a block of 
wood slides on the plane being attached by a thread which 
passes over a smooth moving pulley fixed at the top of the 




plane, to a scale-pan. The thread should be attached to a 
point on the block so that it is parallel to the plane. 

The methods of experimenting are as follows : (1) The 
plane is fixed at a definite inclination, which should be 
considerably greater than the angle of friction, and the least 
force which will pull the block up the plane is found by 
putting weights into the scale-pan. Weights of various 
magnitudes are put on the block, and in each case, the least 
force requisite to pull the block up the plane is determined. 
(2) In a similar manner we find the least force which 
will keep the block from sliding down the plane. 
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An approximate value of the coefficient of friction can 
be obtained by finding the inclination of the plane at which 
the block will just slide down the plane of its own accord. 

In the following experiment the block and the plane 
were both of wood and the direction of motion was with 
the grain of both block and plane. 

The block slid of its own accord when the angle 
of inclination of the plane was about 15°. This angle 
was, in the experiment, measured by an inclinometer, 
but there is no difficulty in getting the angle of inclination 
with very fair accuracy with an ordinary six-inch semi- 
circular protractor. (Notice that if a plummet is suspended 
from any point of the plane the angle it makes with the 
plane is the complement of the required angle.) 

(1) Weight of block itself 1*1 lbs. Weight of scale-pan 
with suspending chains = 0*19 lb. i = 27° 8'. 



p 


W 


P 


Least force required 
to move the block (in- 
cluding weight of 
scale-pan). 


Weight of block and 
additional load. 


W 


1-5 lbs. 


21 lbs. 


0*714 l 


21 „ 


31 „ 


0-678 


2'9 „ 


41 „ 


0-707 


4-2 „ 


61 „ 


689 

Sum 2-788 



1 We keep three significant figures in the value of ^ as we are 
going to take the arithmetic mean of four diifercuXi Nt&vxftfc. 
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P 2*788 
Average value of f — — — — 0*697. 

In this case the equation giving the relation between 
P and W is— 

P = W sin i + fi W cos i, 



or 



M =^&eci— tani. 
W 



Here tan i = 


0-527, 


sec i = 1*13- 




.*. fA = 


0-697 


x 1-130 -0-527, 


= 


0-788 


- 0527, • 


(2)- 


0-261. 


* 

'.* ■ \ » ■•• •* — 


P 




w 


P 


Least force required 
to keep the block 
from moving (in- 
cluding scale-pan). 


Weight of block and 
additional load. 


W 


0-45 lbs. 


i 


21 lbs. 


0214 


073 „ 


* 

1 


31 „ 


0235 


0-96 „ 


1 


41 „ 


0-234 


1-49 „ 


1 

i 

i 


61 „ 


0-244 
Sum 0-927 


Avftrao-ft 


value 


f P 927 


- 0-232. 



*~ W~~ 4 " 

The equation in this case is — 

P = W sin i— n W cos t, 



fi = tan i— - sec i. 
W 
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line, and as its magnitude is unlimited it can certainly 
balance the other forces (provided of course their resultant 

presses the surfaces together). 
Thus if the other forces have 
a resultant acting towards 
within the angle AOA' the body 
will never slip on the surface, 
however great the forces applied 
may be. 

(ii) If, on the other hand, the 
resultant of the external forces acts outside the angle 
AOA' the total reaction cannot possibly balance the other 
forces, and slipping will at once take place. 




Examples. 

20. A slab of wood placed on ti table is pushed by the force P ap- 
plied at an angle to the vertical. Show that if n = 0*5 the slab 
will not slip, however great P may be, unless tan is greater than £. 

27. Two vertical boards are hinged together, forming a V. Show 
that it will be impossible to squeeze out a glass marble, diameter 1 




inch, placed between them ; unless its distance from the hinge is 

greater than - — . - , where a is the angle of friction. 
2 sin o 
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[Hint : Let A and B be the points of contact. Shade the portion 
of the figure within which the total reaction at A must lie and 
within which the total reaction at B must lie. Can each reaction 
act on the line ABl If ao they can balance one another however 
large they are.] 

28. A rod AB, whose weight may be neglected, rests against a 
rough horizontal floor and a rough vertical wall, the angle of friction 
in each case being IB", and the inclination of the rod 55° to the 
horizontal. Between what points of the rod may (a) a vertical 
force, (b) a force inclined at 45° to the vertical, be applied without 
producing motion 'I 

[Notice that the line of. action of the applied force must pass 
through the shaded area ODEF in the diagram, for the total reaction 
at A must lie inside the angle CAF, the total reaction at B inside 



the angle CBD, and the line of action of the 1hird force must, if 
equilibrium is possible, be concurrent with the lines of action of 
these total reactions.] 

29. A ladder weighing 80 lbs. rests against a rough floor and a 
rough wall (angles of friction 20° and 15° respectively), and is 
inclined at 45" to the horizontal. A man weighing 200 lbs. 
commences to ascend the ladder. Examine whether it will slip 
before he reaches the top. 
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:>0. A bracket can slide on a vertical rod, diameter «., being in 
■on tat: t with it at points A and B (see figure). Show that if it 



does not slip the centre of gravity of the load must be at a distance 

greater than ~ "'* horiiontnlly from B. 
I + f 

31. A uniform rod AD a foot long rests inclined at an angle of 30° 
to the horizon with the end A on a rough horizontal plane, and is 
fastened by a string BC to a point C two feet vertically above A. If 
the rod is on the poiDt of slipping at A, And the coefficient of friction 
at A. 

32. A uniform rod 25 inches long is lied by a string 1 foot long to 
a point fixed 19 inches above a table, on which the corner end of (lie 
rod rests. The angle of friction is 30°. Draw a diagram showing the 
rod in various positions. Measure in each ease the angle which tbe 
total reaction makes with the vertical, and hence find by trial tbe 
extreme positions of equilibrium of the rod. Construct a table 
showing the horizontal distance of the foot of the rod from the fixed 
point and tbe corresponding inclination of the total reaction. 
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work do they do in raising the barrel 9 feet vertically, and of this 
work how much is stored up in the raised barrel and how much 
wasted ? What is the efficiency of the system ? 

40. An isosceles triangular lamina stands with its base on a rough 
horizontal plane, and a gradually increasing horizontal force is applied 
at the vertex. Show that the lamina will slip before it turns if the 
angle of friction is less than the semi-vertical angle of the triangle. 

41. A beam is lying directly across an inclined plane, the face in 
contact with the plane being 4 inches across, and the thickness of the 
beam 3 inches. Show that, if the angle of friction between the plane 
and beam is 53°, when the plane is gradually tilted the beam will 
slide before it rolls. 

42. A uniform rectangular block rests on a rough horizontal plane. 
An equal, equally rough, block is placed exactly on the first, and a 
gradually increasing horizontal force is applied to the centre of a 
face of the upper block, and at right angles to it Find whether 
the upper block will slip on the lower, or whether both blocks will 
l>egin to upset, if /i = '5. 

43. If the angle of friction in Ex. 37 is such that the block if 
released will remain at rest on the plane and not slide down, the 
efficiency cannot be so great as one half. 

Efficiency of Machine with Friction. — It has been already 
stated that it is often desirable that a weight if released 
should simply remain at rest, and not " take charge." 

Example 43 illustrates a general principle, namely, 
if in any machine for raising weights the frictional 
forces are independent of the lifting force — then if the 
machine is such that the weight will not descend if the 
lifting force ceases to act, its efficiency cannot exceed 
50 per cent. 

For, let a force P, doing work of amount P/, raise the 
weight W through a vertical height h doing work of 
amount K foot-pounds against frictional resistances. 

Then Wh + K = VI 
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For instance, the pull of tbe engine on a train tends to 
make it go faster. The resistance of the air and the 
friction tend to make it go slower. If the train is gaining 
speed the pull of the engine is greater than the total 
resistance, and there is a resultant forward force. If the 
train is losing speed (as when encountering a very strong 
head-wind) the resistances are greater than the pull of 
the engine, and there is a resultant backward force, which, 
if the pull of the engine remained constant, would 
ultimately bring the train to rest. If the train is neither 
gaining nor losing speed, but running at a perfectly steady 
rate, the pull of the engine is exactly equal to the total 
resistance. This conclusion was expressed by Newton in 
his first law of motion — 

" Corpus omne perseverare in statu suo quiescendi vel 
movendi uniformiter in directum nisi quatenus illud a 
viribus impressis cogitur statum suum mutare." — " Every 
body continues in its state of rest or of uniform motion 
in a straight line save so far as it is compelled by external 
forces to change that state." 

Friction Couples. — Again, imagine a vertical wheel which 
can turn about a horizontal axis through its centre of 
gravity. A couple continually acting on the wheel in its 
plane will make it turn faster and faster. A friction 
couple, on the other hand, continuing to act on the 
revolving wheel will check its speed. If, then, the wheel 
is spinning uniformly, neither gaining nor losing speed, 
the " accelerating " couple must exactly balance the 
" retarding " couple. 
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about the centre is Fr, say, F being the sum of all the 

tangential frictional forces. 
Therefore, as the wheel is 
running steadily, the engine 
is supplying an equal "ac- 
celerating" couple, and so 
doing work of amount 2?rFr 
per revolution, and 2*rFm- 
per n revolutions. It would 
be difficult to measure F in 
any direct manner, so in its 
present shape the formula 

has but little practical value. 

Now consider the lever. It is acted on by the tangential 

frictional reactions whose sum is F, the radial pressures, 

whose directions all pass through O, and the weight W. 





o 



o 



Its fulcrum is 0, and taking moments about O we have, 
if a is the distance of the line of action of the weight from 
^ Wa = Fr. Therefore the work done by the engine is 
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uulled taut by u. handle. When the engine runs steadily 
the readings, T, T.,, of the spring balances are taken. 

Cousider the forces ' acting on the part of the rope in . 
contact with the wheel and take moments round 0. 
Consider the work done by the engine per revolution. 



Hence show that the horse power of the engine when 

running at n revolutions per minute is v 1— F 

6 v 33000 

It will be noticed that in the foregoing methods the 

1 The forces acting are (1) tlie pulls T„ T 2 on the ends ; (S) 
certain radial pressures— tlie way there vary from point to point 
along the rim is unknown, hut they all pass through ; (3) certain 
tangential frictional forces — the way these vary from point to point 
is unknown, and for our purpose immaterial, for if their arith- 
metical sum is F, their moment is iV, r being the radius.. 
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eDgine can do no useful work while the test is being 
applied. 

The Friction of an Axle in a Circular Bearing. — (1) 
Suppose the axle fits loosely in the bearing. Axle and 
bearing are then in contact over a small arqa which may 
be treated as a point. 

Example. 

45. A pulley of radius b can turn on an axle of radius r. Find 
the least vertical pull on a rope passing over the pulley which will 
just support a weight W. 



The forces acting on the pulley are the pulls P and W, 
and the radial pressure 
N of the axle and the 
force of friction, which 
as motion is about to 
ensue is /aN. 

Suppose the radius 
to the point of contact 
makes an angle a with 
the vertical. The radius 
of the aperture is sup- 
posed only just to ex- 
ceed r. The total reaction R, resultant of N and /x.N, must 
be vertical. (Why ?) Consequently we must have fi = 
tan a, where a is the angle of friction. We now have — 

revolving vertically P + W = R. 

taking moments round the centre — 

Pa + Rr sin a = Wa. 
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Substituting Ya + (P + W) sin o . r = Wa, 

a — r sin a 



or 



P = W 



a+rsino 



Examples. 



46. If W = 100 lbs., a = 4 inches, r = J inch, a = 20°, what is 
the least vertical force which would just support W t 

47. With the same data what is the least vertical force which will 
just raise W '? 

48. What is the least horizontal pull P which will (a) just support 
the weight, (6) just raise the weight ? 

When an axle revolves in a bearing it is usually 
lubricated. The laws of fluid friction are quite different 
from those of solid friction: and consequently examples 
such as the foregoing are of but limited application. 

(2) The axle fits tightly in the bearing, so that there 
are radial pressures, and tangential Motional forces all 
round the axle. A compass joint or a jointed carpenter's 
rule furnish instances. 

49. A uniform rod, weight W, length 2a, can turn about a hori- 
zontal axle radius r, whose centre is at a distance b from one end. If 
it can remain in a horizontal position,, what couple must the 
friction of the axle furnish ? 

50. A 2-feet carpenter's rule (which may he considered as uniform) 
is partly opened and stands upright on a table. Find the frictional 
couple acting at the joint if the rule weighs 4 ounces, is an inch broad 
and is opened at an angle of 100 °. 

51. Two equal uniform rods, length 2a, weight W, hinged together, 
are placed astride of a smooth horizontal cylinder radius r. Show 
that the couple at the hinge necessary to maintain equilibrium when 
each rod makes an angle a with the vertical is 

W (r cot a cosec a — a sin a). 

52. In a wheel and axle, the axle rests in rough bearings (angle of 
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friction «). Show that the least force which, acting vertically down- 
wards, will raise a weight W is &jI+!HLO w w ] ie re a, b are the 

a - sin c 

radii of the wheel and axle respectively. 

53. In the preceding example find the least force applied horizon- 
tally which will raise W. 

54. A barrel is being dragged up an inclined plane (coefficient of 
friction fi) by a rope coiled round the barrel and leaving it horizon- 
tally. Find the inclination of the plane if the barrel is just about 
to slip. 

55. Explain why the brake of a bicycle is usually applied to the 
rim or tyre and not to the hub. 

56. A rotating wheel is stopped in four complete revolutions by a 
frictional force of 5 lbs., applied at a distance of 2 feet from the axle. 
If a 10- lb. frictional force were applied at 6 inches from the axle, 
how many revolutions would the wheel make before coming to rest ? 

57. A 2-feet carpenter's rule, weighing 5 ounces, hinged at its 
centre, is opened, and laid in a horizontal position across two pegs, 
one at an end of the rule. Find the position of the other peg if the 
joint is perfectly free, and find limits for the position of the second 
peg if the joint is stiff and capable of exerting a frictional couple of 
10 ounce- inchep. 

58. A circular shaft of a foot radius turns in a -horizontal bearing. 
The shaft is an easy fit in the bearing, so that contact occurs only 
along a horizontal line. The vertical force thrusting the load down 
on its bearings is W tons, and the angle of friction is 0. Find the 
position of the horizontal line of contact, and show that the retarding 
moment due to friction is a W sin <p tons-feet. 
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CENTRE OF GRAVITY 

Any body may be supposed to be made up of a large 
number of particles, the weights of these particles form a 
number of parallel forces, and the resultant of all these 
parallel forces may be found by the rules already estab- 
lished. This resultant force which in magnitude is 
equal to the sum of the weights of the particles will 





always pass through some point fixed relatively to the 
body (see p. 115) in whatever position the body may be. 

The centre of gravity of a rigid body is that point fixed 
relatively to the body through which the line of action 
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The C.G. of a few bodies of exact geometrical form can 
be ascertained by considerations of symmetry and some- 
times by geometrical devices. 

We first consider flat plane bodies. Such bodies are of 
course fictions of our imagination, for all material bodies 
have thickness as well as length and breadth, but the thick- 
ness may be very small, as in the case of the piece of card 
we have already dealt with experimentally. Besides we 
can frequently find the C.G. of a solid body like a pyramid 
by splitting it up into thin parallel plates — the Latin word 
lamina (= plate) is frequently used in this connection. 
When we speak of the C.G. of a triangle or quadrilateral 
we mean the C.G. of a thin plate (like a uniform coat of 
paint) which has the form of the triangle or quadrilateral. 

Uniform Rod. — The C.G. of a uniform straight rod of 
inappreciable thickness lies at its middle point. We 
have hitherto taken this as self-evident, as we know that 
such a rod will balance if supported at the centre. 

We may, however, realize this more clearly by supposing 
the rod divided into a large number of equal bits. Any 

P. Q. O Q>! 

mTT fci I I II I II II I I Mil II I MM I MM Ml Mil 



1 



two of these equal bits at equal distances from the centre, 
such as PQ and P'Q' have their C.G. at O, the middle 
point of the rod, and therefore O is the C.G. of the whole 
rod. 

Centre of Gravity of a Triangular Lamina. — Divide the 
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triangular plate by lines parallel to the base BC into a 
number of thin strips, then we know from elementary 
geometry that the centres of all these thin slips lie in the 
straight line joining A to D, the middle point of BC. 
But the C.G. of any one strip, such as PQ, lies at O its 
centre, and therefore the C.G. of the whole triangle must 



B 




lie somewhere in the median AD. Similarly by dividing 
the triangle into strips parallel to AC, we can show that 
the C.G. lies in the median BE. The point of intersection 
G, of AD and BE will therefore be C.G. of the triangle. 

Since the C.G. must also lie in third median CF, it 
follows that the three medians of a triangle meet in one 
point. It will be noticed that we have arrived, by the 
aid of mechanical principles, at the well-kuo^Ntv ^oYc^\»Y\Rsk 
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theorem, "The three medians of a triangle are con- 
current." Many other instances of similar " statical " 
proofs of geometrical theorems are to be found in 
mechanics. 

Examples. 

1. By considering how to construct the C.G. of weights I, m, n 
placed at the angular points A, B, C of a triangle prove that if con- 
current lines are drawn through the angular j>oints A, B, C of a 
triangle meeting the opposite sides in D, E, F then 

BD.CE.AF = CD.AE.BF. 

[The geometrical theorem is known as Ceva's theorem : having 
been published in 1678 by Giovanni Ceva.] 

Calling the C.G. G, it is easy to prove that all the six 
triangles which have their vertices at G are equal. Thus 
to prove that the A AGF = A DGC : Since BD = DC, 
the A ABD is half of the whole A ABC, and since 
BF = FA, the A BFC is half of the whole A ABC, there- 
fore the A ABD = A CBF, and therefore taking away the 
common part GFBD, the A AFG = A DGC. Similarly 
it may be shown that any two of the six triangles are 
equal. 

Since the triangle ABG is twice the triangle BGD, 
therefore AG = 2GD ; that is to say, the C.G. of a triangle 
divides the line joining the vertex to the middle point of 
the base in the ratio 2:1. 

2. A square is divided by its diagonal into two parts and one of 
these is hung up by a string attached to one of the acute angles. 
Prove that the opposite side makes an angle 26° 33' with the horizon. 

Equivalent System for a Triangle. — The result just 
stated enables us to prove very easily that the C.G. of the 
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three particles of equal weight, placed at the angular 
points of the triangle, coincides with the C.G. of the 
triangle itself. 

The resultant of two weights each equal to W at B and 




B 



C is a weight 2W at D the middle point of BC. And 
weights of 2W at D and Wat A have as their resultant 
a weight of 3W at G where AG : GD : : 2 : 1. In other 
words, the C.G. of the three equal weights coincides 
with the C.G. of the triangle. 

The property just proved is useful in dealing with 
problems involving the weight of a triangular lamina. 

Example. 

3. A heavy triangle ABC has AC 3J inches in length and BC 2J, 
the angle C being a right angle. It is supported on three pegs at 
C, D and E (see below), where AD •■= BE = \ inch. Find the pres- 
sures on the three supports. 

Let P, Q, R be the pressures on C, D and E. If W denotes 
the weight of the triangle we may replace ^N \rj \>xt<£fc 
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W 



forces each at A, B and C. The three forces P,Q and 

o 

R balance these three equal weights. Taking moments 

about BC (see p. 124), we have — 



W 



-AC = Q.DC, 



y " "3 T~~ 18' 




B 



Examples. 

4. Find II by taking moments about AC, and deduce the value 

of r. 

5. Solve Example 3 thus : Draw the triangle to scale, draw the 
median CO. Find the C.G. G and join DE, meeting CO in H. 
Prove that — 

1 W CH' 

O = HE x — W 
^ DE X CH W ' 



R _ DH CG w 
K ~ DE CH W " 



Let W = 3*6 pounds. 
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It may be noticed in these cases that every line through 
the C.G. is bisected at the C.G. 

C.G. of Composite Body. — The position of the C.G. of a 
body may frequently be obtained by dividing the body 
into simpler parts, the positions of the C.G. of the several 
parts being known. For this purpose the following 
problem is useful. The positions of the C.G. and the 
weights of the two parts into which a body is divided 
aie known, it is required to find the C.G. of the whole 
body. 




Y Wi+w 



z 



Wl 



w* 



Let the figure represent a vertical section of the body 
through Gj, the C.G. of the part of which ACB is the 
section and G 2 the C.G. of the part of which ACD is the 
section. Let W x and W 2 be the weights of these parts. 
Then the point required will be the centre of two like 
parallel forces, W\ and W 2 , acting at G x and G 2 , and 
therefore is a point dividing GjG 2 in the ratio W 2 to 
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W lt The C.G. of the body therefore lies in the line 
joining Gj to G.>, and divides it at G, so that 7 —± = -^j 

(ji(jr2 W x 



Example. 

7. If a straight line is drawn through the C.G. of a plane area, 
will it necessarily bisect the area 1 

C.G. of a Remainder. — It is frequently necessary to 
determine the position of the C.G. of the part of a body 
which remains when a given part has been cut away. 
The result just proved enables us to do this, when the 
weight and position of the C.G. of the original body and 
of the part cut off are known. 



A 




w *n 



1 



Wi 




Suppose the part DEF of weight W x is cut out of the 
body ABC of weight W. Let G be the C.G. of the whole 
body ABCD and G x , the C.G. of the part which is cut out, 
then if G 2 is the C.G. of the remaining part, we know 
that G 2 must lie in the line joining G x and G because, 
as we have proved, the resultant of W 1 aX* G^ sceA ^ 
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at G., (where W 2 = W — Wj) is W acting at G, where 
W, x G 2 G = W, x GiG. 

In the present case we really have to find the resultant 
of two unlike parallel forces W^ + W 2 and W lf or, as is 
often said, we have to find the C.G. of weights W at G 
ami — Wy at Gj. 

Experiment 2. 

Take an ordinary wooden ruler graduated in inches and 
tenths, and place on it a penny. Balance the ruler, with 
the penny on it, across a pencil lying on a table (see 




figure). The pencil should be at right angles to the 
ruler. 

Record the distance of the opposite edges of the penny, 
and of the point about which the ruler balances, from the 
end of the ruler. Move the penny to a different position 
and repeat the observations. From your results construct 
a table, as follows — 



Distance of CO. of penny from 
end of ruler. 



Distance of C.G. of ruler and penny 
from end of ruler. 



Where is the C.G. of the ruler ? Show the above 
results in a graph. How far does the C.G. of the ruler 
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and penny move when the penny is shifted one inch along 
the ruler ? 

Can you infer the weight of the ruler, knowing that a 
penny newly minted weighs one-third of an ounce ? 

If the penny may have lost 5 per cent, of its weight in 
wear, what is the error introduced in the weight of the 
ruler, when found by assuming that the penny is of full 
weight ? 

Examples. 

8. Write directions for finding the weight of a small object with 
only a pencil, a ruler, and a penny as appliances. 




9. One of the corners of a square, A BCD, each side of which is 
1 foot, is cut off across the line EF, the points E and F being the 
middle points of AB and AD. Find the CO. of the remaining 
part. 
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If we denote the weight of 1 square inch of the plate by 
u\ the whole weight of the plate is 144m? and the weight 
of the part cut off=| x 144w = 18w. We have therefore 
to find the C.G. of weights 144w acting at G the centre of 
the square, and of — 18w acting at G lf the C.G. of the 
triangle. 

Since the C.G. of both triangle and square lie on the 
diagonal AC, the C.G. of the part remaining also lies on 
AC. Let G 2 be the required C.G. Then taking moments 
about the centre of the square — 

GG,(144m - I810) = GGx x 18w, 
GG.,(126w) = I AG x 18w, 

.-. GG, = * x AG. 

" 21 

But AG = 12 _, 

.-. GG 2 = 4 ^? = -81 inches. 



Examples. 

10. In each of the opposite figures find the C.G. of the unshaded 
part. State the length of OG. 

In I. and II. O is the centre of a square, each side of 
which is 1 foot long. 

III. and IV. are equilateral triangles of height 1 foot. 
In III. O is the middle point of the height, and in IV. 
O divides the height in the ratio of 1 : 2. 

The shaded triangle in V. has its height and base each 
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equal to half the diagonal of the square. The side of the 
square is 1 foot. 



Q 


s 




A 

/ 

/ 
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m 
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VI. is half a square, of height 1 foot, and O is the middle 
point of the median. 
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Examples. 

1 1. A circular plate lias an equilateral triangular hole cut in it, such 
that one angular point is at the centre of the circle and the other 
two on the circumference : find the position of the C.G. of the 
remainder. What would be the result of increasing the angle at the 
centre ? 

12. From a regular hexagonal plate of uniform thickness one of 
the equilateral triangles with its vertex at the centre and a side for a 
base is cut away. Find the C.G. of the remainder. 

13. From the corner of a square card whose side is 6 inches 
another square is cut away whose side is 2 inches. Find the C.G. 
of the remaining piece. 

Trapezium. — If we can find two straight lines, each of 
which passes through the C.G. of the body the position 
of the C.G. is known. Thus to find graphically the C.G. 
of a trapezium let ABCD be the trapezium, having AB 




E 



B 







and CD parallel sides, bisect AB in E, BD in O, and 
DC in F. Join AO and DE meeting in G lf then G x is 
the C.G. of the triangle ADB, similarly G 2 is the C.G. 
of the triangle BDC. Therefore the C.G. of the trapezium 
lies somewhere in the line G^. But if we divide the 
trapezium into strips parallel to AB and CD the centres 
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of all these strips will all lie in the line EF, and therefore 
the C.G. of the whole trapezium will also lie in the line 
EF. The intersection of EF and G^ is the C.G. of the 
trapezium. 



Examples. 

14. As an alternative position for the line GjG 2 in the above con- 
struction, divide the trapezium into a parallelogram and a triangle 
(see figure below). 



B 




K 




/-^G 



F L 



N 



15. The parallel sides of a trapezium are 3 and 5 inches long and 
the line joining their middle points is 4 inches long. Find by con- 
struction and measurement the distance of the C.G. of the trapezium 
from the middle point of the parallel sides. 

16. Show how to construct the C.G. of any plane quadrilateral by 
the above method. 

C.G. of Trapezium by Calculation. — Denote the lengths 
of the parallel sides AB and CD by a and b and their 
distance apart by h. 

The two triangles into which the diagonal BD divides 
the trapezium are in the ratio a : b because they have 
the same height. The distances of the C.G. of G x and G 2 
of these triangles from AB are \h and fft,, a,w& \\\fe\<&wi 
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taking moments about AB, if z denotes the distance of 
the C.G. of the trapezium from AB then — 

z (a + b) = -a + —b y 

. a + 2b , 

and ,\z = - _ X A, 

3(a + b) ' 




Similarly the distance from CD = h — z, 

2a + b , 
30 +"6 

Since the C.G. lies iu the medial line EF, it will therefore 

divide EF in the ratio a + 2l> :b + 2a. 

Example. 

17. Prove the following construction for the C.G. of a trapezium 
ABCI), whose sides AB and CD are parallel. Bisect AB and CD in 
E and F. Produce AB to K making BK = DC and produce CD to 
L making DL = AB. The intersection of LK and EF is the C.G. 

C.G. of any Quadrilateral by Construction. — Let the 

diagonals meet in O. Let the weight of the triangle 
ABD be m 9 and of the triangle BCD be n, and let us sup- 
pose the former to be the greater. We can replace the 
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m 



triangle ABD by three equal weights of — - at the angles 

«5 



71 



and triangle BCD by three equal weights —at the angles. 
The C.G. of the quadrilateral is therefore the same as the 
C.G. of weights ~ at A, — + - n at B, VL+Jt at D and 

t> o o 

— at C. Since however the triangles ABD and BCD have 



B 




a commou base their areas and therefore their weights are 
proportional to their altitudes, that is to AO and OC. 
That is to say, AO : OC ::m:n. If we cut off AC 7 = OC 



7YL 7h 

then weights --■ at A and 

o «5 



at C are equivalent to 

weight ^ - at C. The C.G. of the quadrilateral is 
therefore the same as the C.G. of three we\%\\\& ^Ow ^<ap^ 
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to wl + n at B, D and C, that is. to say, the C.G. of the 

o 
quadrilateral coincides with the C.G. of the triangle BDC. 

The C.G. of the quadrilateral may now be easily 
constructed as follows. 

We can show in a similar way that the C.G. coincides 
with that of the triangle ABC where DB' = BO. 

Bisect BD in F, and AC in E, then the intersection of 
C'F and B'E gives the C.G. of the quadrilateral. 

Examples. 

18. In a quadrilateral A BCD, AB = 3-9 cms., BC = 5-2 cms., 
CD = ()0 cms., DA = 2 , ."> cms., and AC = 6*5 cms. Construct 
graphically the C.G. of the quadrilateral and measure its perpen- 
dicular distances from AB and BC. 

19. Find graphically the C.G. of a re-entrant quadrilateral. Show 
that if ABCD is such a quadrilateral, and if AC and BD meet in 0, 




B ^^ ' ^ D 



and AC is made equal to OC, the C.G. will coincide with the C.G. 
of the triangle BCD. 

20. A heavy re-entrant quadrilateral plate ABCD has the following 
dimensions. AB = AD= 10 inches, BC =9 inches, CD = 7 inches, 
and AC = 4 inches. If it is supported horizontally at A, Band D 
find graphically how the weight is distributed between the three 
supports. 
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In certain re-entrant quadrilaterals it will be found that 
the C.G. does not lie in the plate itself, but lies in the tri- 
angular space BCD. The position is however none the 
less definite, and it is fixed relatively to the quadrilateral 
itself. A hollow sphere is another case in which the C.G. 
does not lie in the material. 



Examples. 

SU. A re-entrant quadrilateral is cut out of a piece of tin foil. How 
would you test whether the C.G. lay inside or outside the material 
of the plate without actually constructing its position ? 

22. The C.G. of a uniform quadrilateral plate is in one of its 
diagonals. Show that this diagonal bisects the other diagonal. 

23. The diagonals AC and BD of the quadrilateral ABCD inter- 
sect in O, and the triangle ADC is twice the A ABC. Prove that if 
E and F are the middle points of AC and OD, the C.G. of the 
quadrilateral will be at G in EF, where EG *= £EF. 

C.G. of Several Weights. — If we have a number of small 
weights scattered over a plane, the position of their C.G. 
can be determined by referring them to two rectangular 
axes in the plane. 

Let the magnitudes of the small weights be denoted by 
w lt w 2i w v . . . w n) and let the co-ordinates of the points 
on the plane at which they are placed referred to two 
rectangular axes be (a^), (z 2 y 2 ), (x& s ) . . . (xj/ n ). 
Denote the co-ordinates of the C.G. by (x y). Place the 
plane yOx vertical in such a manner that Ox is horizontal. 
Then the system of vertical forces w lt w 2 , w s has a 
resultant w l + w 2 + w s . . . acting at G, and the sum of 
the moments of the individual weights about wcv^ ^ravcfc ^ 
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is equal to the moment of their resultant about O, 
or v\.t\ + u^r 2 + ?Vj + . . . w H x n 



-_ w x x x + w 2 x 2 + Wgftg + . . . W H X H 



or 



u\ + w 2 + w s + ... V- 

Similarly, if we place the plane vertical with Oy hori- 
zontal, and write down the equation of moments about 0, 



we get 



V 



u\ V\ + W J/2 + • • • ™*! lt 
u\ + w 2 + . . . w n 



Note : We could have arrived at these results by 
geometrical considerations. 



y 



*t< 



>< 




M i M 3 N a N i 



P* 



2^A 



M 



X 



The weights w 1 and w. 2 acting at P 2 and P 2 may be re- 

w OP 

placed by u\ and w. 7 acting at G 1 where -l = ^c- 1 ^ 2 . De- 

w 2 "1^1 

note the co-ordinates of G x by (^3/1), then join P^ 

meeting GiNg, in R. 
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From similar triangles P^R and PiP 2 M 2 — 

GjR w 2 

y 2 * w 1 + w 2 

and from similar triangles M 2 RN X and MgPjMj — 

RNi _ w x 

Vi ~~ ™i + ™ 2 ' 

and y - = G 1 R + RN 1 = ^l_±JM. 

bo we may prove a^ = x — — • 

U'j + w 2 

Similarly, we may replace w 1 + w 2 at G x and w 3 at P 3 by 

w x +w 2 + w 3 at G 2 , where -^p 2 = - 1 +-- 2 ; and if we 

G 2 Gj w 3 

denote the co-ordinates of G 2 by (x 2 y 2 ) we can show in 
the same way that — 

V2 = l 2 



^1 + W 2 + W B 



^2 "" Wj + W 2 + W z 

There is no difficulty in seeing that these results can be 
extended to the case of n weights. 

Note : If the weights w v w 2 , w B , etc., are not small, the 
formulae still hold if (x x yj, (x 2 y 2 ), etc., are now the co- 
ordinates of the C.G.s of the weights, these C.G.s being 
all in the same plane. 
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Examples. 



2 1. The centre of gravity of a triangle having its angular points al 
(■<-, !/!? (*-!/,) mid (x 3 !/ 3 ) is {" (x, + x, +*j).J (»/,+&+ &)} 

41. Show Hint I lie triangle which has its angular points at 
(-4,-ti) (-1. -1) (5, 2) has its CO. at the origin. 

28, A uniform chess board weighs 
25 grams. Draughts- in en, each weigh- 
ing 2'5 grams, are placed with their 
centres on the squares indicated by 
crosses. Find the position of the 
point about which the board will 
balance. The side of each square is 

27. Find the distance from A of 

the C.G. of four particles of weight' 

3 lbs., 2 lbs., 1 lb., and 2 lbs., placed 

respectively at the corners of a square 

ABCJK whose area is 32 square feet. 

2H. A lei icr T is cut out of a sheet of metal ; the height of the T 
is (Wi incite!), the breadth of the upright piece 1"9 inches, the 
length of the cross piece 755 inches, and the breadth 2 inches. 
Find the 0.(5. Give in inches its distance from the foot of the 

29. If ABCDKF be a regular hexagon, whose sides are each 
2 feet long, find the distance from A of the centre of gravity of the 
five-sided figure BFEDC. 

30. Find the ('.U. of the figure usually employed for proving 
the theorem of Pythagoras (Euclid i. 47), taking the sides of the 
right-angled triangle to be 3, 4 and 5 inches in length. [Hint: 
take as axes of reference the two sides of the right-angled triangk 
which contain the right angle.] 

A result similar to that just proved holds when the small 
particles or weights are not in the same plane. If we 
refer the points at which the weights are placed to three 
axes mutually at right angles we have — 
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-_2(«W> 

- 2(,»,2,) 

This result can be proved either by equating the sum 

the moments of the weights about each axis to the 

oment of their resultant, or geometrically in exuctly the 



me way as for particles in one plane. The figure is 
awn for three weights, and the student ought to have 
» difficulty in supplying the necessary proof. 
The work done in emptying a well of water by pumping 
e water, or by drawing the water by buckets, to the level 
the top is equal to product of the whole vici^A 5&.T^ft* 
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in the well and the depth of the C.G. of the water in situ 
below the top of the well. 

If we divide the water into n thin layers of weights, 




w'i> "'j, '"'ai • . . w n , where n is very large, and if we denote 
n y ~i> -2» ~3> • • • au d ^n> the depths of the C.G.s of these 
thin layers below the top of the well, the whole work 
done is — 

U\Z X + Wfo + Wf 3 + w A z A + . . . w n z n , 

which, by the theorem just proved — 

= (t0j + u\ + w z + ... w n )z, 

= Wz, 

where z is the depth of the C.G. of the well below the 
top, and W the weight of the water raised. 

Example. 

31. Find the work done in emptying a well of water 40 feet deep 
the surface of the water being 10 feet below the top of the well. 
Suppose the well to have the form of a circular cylinder of diameter 
8 feet. 
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1+ * ■ 
1 I \5 



4_L_i__. 



Draw a diagram showing the work done at any stage by 
plotting on squared paper the deptli of the surface of the 
water below the top on the 
well horizontally and the 
work done vertically. 

The diagram shows a well 
in the form of a frustum 
of a cone with a cylindrical 
neck. Find the work done 
in drawing the water to the 
top. Plot a graph showing 
the work done at any stage. 

[Volume of frustum of cone = (R 2 + r 2 + Rr).] 

o 

C.G. of Solids. — We next consider bodies of finite thick- 
ness — so called solid bodies, and we shall find that for them 
graphic methods cannot be so readily employed. 

In the case of the simpler symmetrical solids the 
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reometrical centre is the C.G. This is the case for the 
ube, rectangular brick, right circular c^lva&fct oil wj 
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height, and sphere. In each of these cases every straight 
line drawn through the C.G. and terminated by the surface 
of the solid is bisected at the C.G. 

As in the case of flat plane bodies it may be shown that 
it a solid body is suspended freely by a string attached to 
some point the prolongation of the string will pass through 
the C.G. If then we suspend the body from two different 
points we have two lines, each of which passes through the 
C.G. 

Prism. — In the case of a prism all sections parallel to 
the two parallel ends are congruent with these parallel ends. 
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If then we divide the prism into thin slices parallel to 
the two parallel ends, the C.G.s of these slices will all lie 
in the straight line joining the C.G. of the base with the 
C.G. of the top. It is obvious that the C.G. of the prism 
lies in this line and bisects it. 



Tetrahedron. — If we divide the tetrahedron into thin 
laminsB parallel to one face BCD, all these laminae are 
similar and their C.G.s all lie in the liae joining the vertex 
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A to the C.G. of the base BCD. Hence the C.G. of the 




tetrahedron lies in the line AG^ similarly i\, Yves, m ^K>^ 
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when; G., is the C.G. of the face ACD. Likewise also in 

mm 

CO., and DG 4 where G 3 and G 4 are the C.G.S of the faces 
AHI) and ABC. Hence the four lines, AG P BG*, CG S and 
DG 4 , all meet in one point, which is the C.G. of the tetra- 
hedron. We have seen that G X B, GjC and G^ divide the 
triangle BCD into three equal triangles, and therefore 
the small tetrahedra having G as vertex and these 
triangles as bases are all equal. Thus taking also the 
other three faces the whole tetrahedron is divided into 
twelve small tetrahedra, each having one vertex at G. It 
may be shown that these twelve tetrahedra are all equal, 
for the tetrahedron having A as vertex and BG X C as base is 
/, of the whole, and the tetrahedron having D as vertex 
and BCG 4 as base is also \ of the whole tetrahedron. 
Denoting the volume of each of the three tetrahedra 
forming the tetrahedron GBCD by V lf and similarly the 
others by V 2 , V 3 , V 4 — we have G 4 BCD = J whole = 
ABCG L = ABCG + GGjBC^ 3V 4 + V x 

3V X + V 4 = 3V 4 + V lf 
V = V 
and 3V 2 = 3V 4 = (in like manner) 3 V 2 = 3V 3 , 

.-. tetrahclron GBCD = \ of the whole, 

.-. G X G = J of AG X , 

therefore the C.G. lies in the line joining A to the C.G. 
of the base BCD, and is three times as far from A as it is 
from Gx, the C.G. of the base BCD. 

So we infer that the distance of the C.G. of a uniform 
solid tetrahedron from any face is one quarter of the dis- 
tance of the opposite vertex from that face. 



32. Be-draw the figures showing edges and points in the four faces 
in different colours, one for each face. 

Pyramid on Polygonal Base. — Any pyramid having for 
base a rectilinear polygon can be built up of triangular 
pyramids or tetrahedra with a common vertex. If 
V . A 1 B 1 C 1 D 1 E 1 F 1 is such a pyramid we draw a plane 
ABCDEF the distance of which from the base is i of the 



distance of the vertex from the base. The C.G. of each of 
these tetrahedra lies in the plane ABCDEF, and therefore 
the C.G. of the whole pyramid is also in this plane. The 
C.G. of the pyramid, however, also lies in the line joining 
the vertex to the C.G. of the base. (Why ?) We have 
therefore the following construction for tVie CSi. YH».\ 



2^o PYRAMID 

G : . the (Mi. ot the base. j*.»in YG t , and make G^ = 
Then G is the re* quired C.G. 

Any Pyramid. — An exactly similar const mction gi 
C.G. of a solid pyramid when the base is any closed 
for we may suppose such a pyramid to consist of 




large number of pyramids on small triangular bases 1 
a common vertex. 

Examples. 

33. Find the position of the C.G. of a frustum of a cone of 
h, the radii of the ends being R and r. 

34. A uniform spar 60 feet long, tapers regularly from a d 
of 18 inches to a diameter of 12 inches. Find the positioi 
C.G. 

Theorems of Guldin. — If a rectangle (shaded i 
figure) is rotated about a straight line in its plane p 
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to two opposite sides, the solid ring so formed is a hollow 
circular cylinder like a piece of indiarubber tubing. 

Let the sides of the rectangle be b v d v and let the 
distance of its centre from the axis of revolution be z v 




m i 



<k 



— - t. 



Volume of ring = difference between two cylinders, 
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Also 2irz 1 is the circumference of the circle traced by 
the centre of the rectangle, and dj^ is the area of the 
rectangle — 
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| area of rectangle X length of tie 
(.path of the centre uf rectangle. 



. volume. if tKor 
If we have a large number of rectangles each havioj 
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two sides parallel to 00' the volume of the solid form 
by rotating them about 00' is — 



2ff[£,tf,s, + b./1-Az + Ma-i "I 



■ M»-.]. 



the notation employed being sufficiently explained by t 
figure. But if z denotes the distance of the C.G. of all t 
rectangles from the axis of revolution we have aire; 
proved that — 
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- _ \<Lp x + b 2 d 2 z 2 + . . . Ma 
v ~ \d Y + b 2 d 2 + . . . b~d n 

.". volume = 2ttz [Mi + b 2 d 2 + \d z + . . . Mn]> 

= 2tt7 A. 

where A is the sum ojf the areas of the rectangles, 

. n . ,. . (length of circular path of C.G. x 

.-. volume of the solid = { ° A 

tsum 01 the areas 01 rectangles. 




The result just stated holds if, instead of a number of 
rectangles side by side, we have a plane area A BCD which 
forms a solid of revolution by revolving about an axis in 
its plane. For we can fill up the whole of the area with 
rectangles having their sides parallel and perpendicular to 
the axis. We can make the sum of these rectangles 
differ from the area of the curve by as small a quantity as 
we please by filling in the small triangvxW \>\ecfcs> "wS 
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smaller and smaller rectangles. Since the proposition 
holds for the sum of all the rectangles, it will hold for the 
area of the curve itself. Therefore — 

I. " The volume of any solid formed by revolving a plane 
area about a line in its plane is equal to product of the 
area and the circumference of the circle traced out by the 
C.G. of the area." 




If a straight line AB revolves about an axis 00' in its 

own plane it sweeps out a frustum of a cone. The area of 

the curved surface of this frustum is tt(R + r) AB, when R 

and r are the radii of the ends of the frustum. Calling 

AB l l9 and the distance of the C.G. of the line AB from 

00' z v we have — 

R + r 



h = 



2 



and hence the surface of frustum = 2wz l l 1 . 

So the surface formed by revolving a broken line ABODE 
about an axis in its plane = 2tt(^ 1 / 1 + z 2 l 2 + z z l B + .-..), 
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and if we denote by L the length of the broken line 
and by z the distance of its C.G. from O'O, we have — 

z Lt = z^i + ~ 2 ^2 1 zjz ~r • • • > 
.". surface of solid figure (not including the ends) = 2wzh. 




O 



Lastly, if we take a curved line and revolve it about 
some straight line in its plane the proposition will still 
hold ; for the curve may be supposed to consist of an 
indefinitely large number of indefinitely small straight 
portions (See figure, p. 226.) 

The surface of any solid formed by revolving a curve 
about a straight line in its plane is equal to the product 
of the length of the curve and the circumference of the 
circle traced out by the C.G. of the curve. 

These theorems have been known foi ma.wj cto\\>\t\s^ 
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They were first enunciated by Pappus, who lived about 
380 ad, a well-known geometer of the famous school 
of Alexandria. Guldin, a Jesuit (1577-1643), restated the 
theorems, but failed to give a general proof. The subject 
was considered about the same time by several contem- 




poraries of Guldin, among whom were Kepler, the well- 
known astronomer, and Cavalieri, the professor of mathe- 
matics at Bologna. It seems that the credit of neither 
the discovery nor the proof is due to Guldin, though 
the theorems are universally known by his name. 

Surface of a Sphere. — At a time in the world's history 
when the science of arithmetic can hardly be said to have 
existed, Archimedes (287-212 B.C.), the celebrated sage of 
Syracuse — who is said to have invented such wonderful 
engines of war, to the discomfiture of the Roman generals 
— showed that the circumference of a circle of unit 



THEOREM OF ARCHIMEDES 227 

diameter lay between 3^ and 2>\\ units. This remarkable 
result was obtained by calculating the perimeters of two 
regular 96-sided polygons, one circumscribed to the circle, 
and the other inscribed in it. The former of these values 
is the well-known approximation to w in general use. 

We propose to find in a somewhat similar way the area 
of the surface of a sphere, though the proof given is not 
so rigorous from a scientific point of view as that of 
Archimedes, as we shall be content to take a regular 
circumscribed polygon. 

Draw a regular polygon with an even number of sides 
to circumscribe a circle. In the figure, p. 228, we have 
taken one of eighteen sides. AJ is a diameter of the circle, 
which passes through two opposite angular points, and 
since the number of sides in half the polygon is odd, one 
of the sides FE will be parallel to AJ. Draw perpen- 
diculars on A J through the angular points of the polygon. 

If the figure is rotated about AJ the circle will trace 
out a sphere, and the polygon will trace out a solid con- 
sisting of a number of frusta of cones, each of which has 
its vertex in AJ, except of course the side EF, which will 
trace out a cylinder touching the sphere. 

Let P be the point in which any side such as CD 

touches the circle, then P is the middle point of CD, and 

the frustum traced out by CD has its area = 2tt x PM 

X DC, where PM is the perpendicular on AJ. But CD 

makes the same angle with D'C as PM makes with OP 

therefore g^ = p^ 

and PMx DC = OP x D'C. 
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Therefore the area of the surface of this frusti 

= 2ttD'C' x R, denoting by R the radius of the sphere. 

Similarly the surfaces of the other frusta can 




D' M C B 



obtained, and the whole surface of the solid formed fro 
the polygon is — 

2ttR(AB' + B'C + CD' + . . . 1'J) = 2,rR x AJ. 

If we increase the number of sides of the polygon tl 
diagonal of the polygon AJ will become very nearly equ 
to the diameter. of the circle, and the solid figure form< 
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by revolving the polygon will closely coincide with the 
sphere. We therefore infer that the surface of the sphere 
itself is equal to 2 ff R x 2R = 4 ff R 2 . We infer also that 
the surface of any belt of the sphere included between two 
parallel planes is equal to 2wR x D'C, where D'C is the 
distance between the parallel planes. If we draw a 
cylinder to circumscribe the sphere so as to have AJ as 
axis, the surface of the cylinder included between the two 
parallel planes will also be 2irR .x D'C, and therefore the 
parallel planes cut off equal surface areas from the sphere 
and the cylinder. 



35. Find the area on the surface of the earth included 1 
the SO" and 51° parallels if latitude taking the earth to he n s] 
radius 3960 miles. 
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C.G. of Belt of Spherical Shell. — Since parallel planes 
cut off equal surface areas from a sphere and its 
circumscribing cylinder, the parallel planes being per- 
pendicular to the axis of the cylinder, it follows that the 
distribution of weight along the axis of the cylinder is 
the same for the cylinder and the spherical shell. It is 
therefore evident that the C.G. of such a belt on a sphere 
coincides with the C.G. of the belt of the circumscribing 
cylinder. Since the C.G. of the belt of the cylinder is 
mid-way between the parallel plane ends, the C.G. of the 
belt of the spherical shell is also mid-way between the 
parallel planes, and as a special case, the C.G. of a hemi- 
spherical shell bisects the radius which is the axis of the 
shell. 

Example. 

30. A hemispherical shell is suspended freely from a point in the 
rim, find the inclination of the plane of the rim to the vertical. 

Each of the theorems of Guldin establishes a relation 
between three quantities : thus, the first theorem gives us 
an equation connecting (1) a plane area; (2) the distance 
of its C.G. from a line in its plane ; and (3) the volume 
obtained by revolving it about that line. If we happen to 
know any two of these quantities the theorem gives us the 
third. 

C.G. of a Semicircular Wire. — The C.G. of a wire 
in the form of a semicircle is immediately obtained 
from the surface of a sphere by the second theorem of 
Guldin. If we rotate the semicircular wire about the 
line joining the ends, we get a spherical shell, and therefore 
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if z is the distance of the C.G. of the wire from the centre 
of the spherical shell — 

ttR X 2irZ = 4ttR 2 , 

. - 2 2R 

z — — ti = — . 

Examples. 

37. Find the C.G. of a wire 6 inches long bent into the arc of a 
circle such that it subtends au angle of 60° at the centre of this circle. 

38. A semicircular wire is suspended from one end. Find the 
inclination of the line joining the two ends to the vertical. 

39. Find the C.G. of the arc of a circle which is greater than a 
semicircle. [Hint : Regard the arc as part of a whole circular 
hoop with a piece missing. 

40. Find the C.G. of the arc of a circle which subtend an angle of 
a radians at the centre of the circle. 

2Rsin~ 

[Distance from centre of circle = -J 

a 

41. Find the C.G. of a coil of wire, 1 foot in diameter, consisting 

of 6 J turns. 

12 

[Distance of C.G. from centre = — _ of an inch.] 

loir 

CO. of a semicircle. — The first theorem of Guldin gives 

us the position of the C.G. of a semicircle. The 

volume obtained by revolving the semicircle about its 

diameter is a sphere. Denoting the distance of the C.G 

of the semicircle from the centre by z we have — 

^ - ttR 2 4 ^3 
2ttzx 2 = 3 ' 

- 4R 

« = «-■■• 

42. Find the position of the C.G. of a semicircle of diameter 
6 inches. 
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Cut a semicircle, diameter 6 iaches, out of cardboard, 
and mark its C.G., using the result already obtained. 
Verify by constructing its position experimentally in the 
manner explained at p. 191. 

Examples. 

43. Find the volume of the ring formed by revolving a circle of 
radius R about a straight line in its plane at a distance z from the 
centre of the circle. 

44. Find the volumes of (1) a right circular cone, (2) a right 
circular cylinder by employing Guldin's Theorem I. 

45. A sector of a circle is bounded by the arc and by two radii 
Show that its C.G. coincides with that of a certain concentric arc. 

Volume of a Sphere. — We may regard a sphere as made 
up of a large number of small cones, each of which has its 
vertex at the centre of the sphere. The volume of any 
one of these cones is equal to J of the product of the area 
of the base and its height. If the base of each cone is 
very small, the height is practically equal to the radius of 
the sphere. The volume of the whole sphere is then 
equal to J of the product of the area of the surface, and 
the radius = J X 47rR 2 x R = $irW. 

C.G. of Solid Hemisphere. — In finding the volume 
of a sphere we regarded it as made up of a large 
number of small cones, each having its vertex at the 
centre of the sphere. In a similar way we can find the 
position of the C.G. of a solid hemisphere by regarding it 
as made up of a very large number of equal small cones, 
each having its vertex at the centre of the base of the 
hemisphere. The C.G. of each of these cones lies on a 
hemispherical cap or shell of radius f of the radius of the 
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Examples. 

■I*. A prismatic block has its ends square, 1 inch side, two of its 
sides re< -tangles, and the two remaining sides parallelograms of 
angle GO'. Find the greatest length of the sides if it will just not 
upset when placed on a horizontal plane. 

40. A cylinder, radius r, height h, stands on a horizontal plane, 
which is gradually tilted up. At what inclination will the cylinder 
upset, assuming that it will not slip ? 

. r )<>. A brick is placed on an equal brick, which projects over the 
edge of a table, the ends of the bricks being parallel to the table 
edge. Find the position of the bricks when the upper brick projects 
beyond the table-edge as far as possible. 

51. Extend the preceding example to the case of three bricks. 

52. A rectangular iron plate is bent into an arc of a cylinder, and 
placed upright on a circular edge. Will it stand or fall? Modify 
the proposition of the preceding paragraph so as to include cases in 
which the base has a re-entrant angle. 

r>3. A hollow cylinder, inside Tadius 5 J inches, stands on a circular 
table, radius of top 18 inches. How much of it can project over the 
edge of the table. 

fH. A thin hollow cylinder whose radius is 35 inches is placed 
upright upon a circular table whose radius is 37 inches. Prove that 
it will remain at rest, provided the distance between its centre and 
that of the table is not greater than 1 foot. 

55. A square table stands on four legs at the middle points of its 
sides. Show that a man will not upset it by sitting on a corner if 
his weight is less than that of the table. 

50. A triangular lamina whose plane is vertical, stands with one 
side on a horizontal plane, and is on the point of toppling over. If 
one angle of the lamina is 119" 12', tind the other two angles. 

Stability and Instability. — In popular language an 
object is said to be stable when it is not easily displaced 
or moved. This is not, however, the usual mathematical 
sense of the word. The mathematical test of stability is, 
that if the body is slightly displaced and then left to 
itself, it comes back to its original position. 

Thus, a pith ball, suspended by a silk fibre, is a type of 
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the summit of a " col " or saddle-shaped depression in a 
range of hills. 

A position m&y exist in which the equilibrium is 
neutral. In this case a small displacement does not alter 
the height of the C.G. For example, a sphere lying on a 
horizontal table. 

Examples. 

57. Point out positions of stable, unstable, and neutral equilibrium 
for a cone resting on a horizontal table. 

58. A round table of radius R feet has a vertical leg with a three 
claw foot. If the claws are at distances D feet apart, find the con- 
dition that no weight placed on the table will upset it. As a 
particular case let R = 1 foot. 

59. It has been proposed to adopt as an axiom, " The C.G. of 
any body or system of bodies will descend as far as it can." 
Consider three equal rods, AC, CD, BD, each 3 inches long, hinged 
at C and D and suspended from A and B. Replace the weight W 
of each rod by JW at either end. We see that the C.G. of the 
three rods coincides with that of -|W at A, £W at B and 2W 
at O the middle point of CI). Therefore, adopting the axiom, 
we see that in the position of equilibrium must be as low as 
possible. Find the position of 0, and hence the equilibrium position 
of the rods by trial, if A is 1 J inches above B and 5 inches to the 
left of it, 

60. A and B are points in the same Horizontal line, 2 feet apart. 
AB, BC, CD are three strings knotted together, of lengths 28, 16, 
and .'50 inches, and weights of 3 lbs. and 5 lbs. are attached at B 
and C. Apply the axiom of the preceding example to find the 
position of equilibrium by trial. 

A more general mode of considering the question of 
stability is as follows : Imagine the body slightly displaced 
from its position of equilibrium. The forces acting on it 
in its displaced position will not in general be in equi- 
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Thus in the case of a conical bucket, if the axis is 
situated between a \ and \ of the height it will be stable 
when empty and probably unstable when full, unless it is 
filled with some very light material. 

In the case of the wagon figured in the diagram let us 
suppose that it is 10 feet long and 5 feet broad at the top 
and that it is G feet deep, and hence 6£ feet slant side. 

If z l is the depth of the C.G. below the top, then — 

10 x 65 x 3 + 5 x 3 x 2 225 



h 



10 X 05 + 5 x 3 80 

= 2*81 feet from top. 

Supposing that the wagon is made of iron plates \ inch 
thick, weighing 10 Jbs. per square foot, then the total 
weight is 20(10 x 6*5 + 5 x 3) = 1600 lbs. If, however, 
it is full of earth weighing 110 lbs. per cubic foot the total 
weight of the earth = 15 x 10 x 110 = 16500 lbs., and 
the C.G. of the earth will be 2 feet from the top. The 
distance of the C.G. of the whole from the top will then 

be— 

225 
16500 x 2 + 1600 x &Q 

1650 + 1600 - = 2 '° 7 feet fr ° m tQ P- 

If then the axis of rotation is situated at a distance of say 
2£ feet from the top the wagon will be stable when 
empty but unstable when full of earth. 

Examples. 

63. A heavy uniform triangular plate rests on three horizontal 
supports at the angular points, prove that, whatever its shape may 
be, the pressures on the three supports are equal. 

64. A round table has three legs situated at equal distances 7 feet 
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side, the <it her two at the ends of the opposite side. Find the pull 
on each. 

71. 50 tons is moved through a distance of 22 feet transversely 
across the deck of a ship. The weight of the ship, including this, 
is 3,<XX) tons. In consequence of this movement the C.G. of the 
total weight must undergo a displacement relatively to the vessel 
Calculate the magnitude- and direction of this displacement. 

75. A sheet of iron 3 feet square is divided into squares of 1 foot 
by lines parallel to the sides ; one of these is removed from the 
middle of one side; find the C.G. of the remainder, giving its 
distance from two adjacent sides. 

76. A regular polygon ABCD . . . with n sides is circumscribed 
to a circle whose centre is 0, and whose radius is (n — 1) feet How 
far from O is the C.G. of the figure formed by the polygon with the 
triangle OAB removed i 

77. If is the centre of a circle ABC and OB = 2 feet, BOC = 30\ 
find the C.G. of the figure formed by the circle ABC with the 
triangle BOC removed. 

78. A heavy circular disc, weighing 10 lbs., rests on three horizontal 
pegs near the rim, the angles subtended at the centre of the disc by 
the lines joining the pegs being 90°, 130° and 140°. Find by 
graphical construction and measurement the pressure on each peg. 

71). A circular hoop hanging vertically is suspended from a smooth 
hinge about which it can revolve freely in its own plane. A weight 
equal to that of the hoop is attached to the extremity of the diameter 
perpendicular to that drawn from the hinge: find the position of 
equilibrium. 

80. Calculate the position of the C.G. of the area in the figure, the 
measurements given being in inches. 
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81. The sail plan for a small boat is given (not to scale) in the 
accompanying diagram. Find the centre of the sail area. 
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Example. 

84. Supposing tbat a plate of 1 lb. attached at 1 '2-foot radius 
balances a wheel weighing 969 lbs., find the original deviation of the 
C.G. from the axis. 1 

[0*000124 foot measured from the axis on the line joining the 
centre of the balancing plate to the axis produced.] 

Safety Valve. — In order that the pressure of the steam 
in a boiler should not become so great as to cause an 
explosion, all boilers are fitted with safety valves which 
allow the steam to escape when its pressure exceeds a 
certain amount. These safety valves take many different 
forms. One of the simplest forms is the lever safety 
valve (see figure). In this type the lever arm OD can 




move about O as a fulcrum, and carries a weierht W at 
the end D. The seat EF of the valve is attached by a 
link AC to the lever arm. When the steam pressure in B 
becomes so great as to lift the seat of the valve from its 
bearings the steam will blow off. This will occur when 
the moment of the steam pressure about O exceeds the 

1 It must not be thought that t\\fe oulvj t^yvs&ws. W \H&s&sk&%i& 
that the C. O. should be in the axis. TYi\a \* ™>\, «o. 
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moment of the weight W, together with the moment of 
the weights of the lever arm, link, and seat of the valve 
about 0. 

The pressure produced by a liquid or a gas on any 
surface in contact with it is everywhere at right angles 
to the surface. The pressure on a plane area is uniform 
if the forces on all equal small portions of the area are 
the same. The pressure is usually estimated in lbs. 
per square inch. In the case of a uniform pressure on 
a plane area, if p is the pressure in lbs. per square inch 
and A is the area in square inches, then the resultant 
pressure or total force on the area is p A lbs. In this 
case the resultant pressure acts at the C.G. of the area, 
because the effect would be the same as if the area were 
horizontal and a large number of equal small weights 
placed on it close together so that the weight on any 
square inch should be p lbs. 

Let G be the C.G. of the lever arm together with the 
link and seat, and z the horizontal distance of 
G from O, 
I = distance of the centre of the valve from O, 
L = length of the lever arm, 
p = limiting pressure of steam in lbs. per square 

inch, 
d = diameter of valve in square inches. 
The steam will just be on the point of blowing off when — 

ird 2 , TTTT 
p x x I = WL + wz, 

4(WL + ws) 
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85. A lever safety valve has the following dimensions— mean 
diameter, 2J inches ; weight of valve, 7 lbs. ; distance of centre of 
valve from fulcrum, 2 J inches ; weight of lever, 14 lbs. ; distance 
of C.G. of lever from fulcrum, 12 inches. Where must a weight 
of 20 lbs. be hung from the lever so that the valve may lift at 
a pressure 100 lbs. per square inch above atmospheric pressure? 

86. A circular disc 4 inches in diameter and 1 inch thick has 
a semicircular groove of breadth J of an inch cut round its edge. 
Find tho volume of the disc. 

87. The volume of a frustum of a cone of height h having R and r 

as the radii of its ends is (R 2 + r 2 + Rr). Find from this result 

•J 

the position of the C.G. of a trapezium of height h and parallel sides 

It and r, having two adjacent angles right angles. 
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Draw a line A6 to represent one of the forces, say R, and 
a line BO to represent one of the others, say T. Remembei 
that BC has to represent the direction as well as th( 
magnitude of the force T. Thus for the case we are dealing 
with Fig. (C) is right but Fig. (D) is wrong. 

The line AC, as we have seen, represents the resultant 
of the forces R and T. Now draw CD to represent one ol 




the other forces, say P. The resultant of the two forces 
represented by AC and CD is represented by AD, and 
since AC represents the resultant of AB and BC, AD 
represents the resultant of the three forces R, T and P. 
Similarly, if we draw DE to represent S, AE will represent 
the resultant of the four foices^R/S^ w\A%. k\Av^» 
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if EF is drawn to represent Q, theu AF will represent the 
resultant of the five forces R, T, P, S and Q. 

It should be observed that the forces may be taken in 
any order that is convenient. The essential matter is that 
each force should be correctly represented in the force 
diagram^ not only in magnitude but in direction. If an 
arrow is put into each side of the polygon to indicate the 
direction of the force represented by that side, it will be 
noticed that if we imagine ourselves walking round the 
polygon, starting in the direction indicated by the first 
arrow, we shall throughout the circuit be always walking in 
the direction of the arrows. 

An interesting exercise is the following : Consider five 
forces of 5, 6, 7, 8 and 9 lbs. acting at O in directions 
making angles of 0°, 60°, 150% 210° and 330° with a fixed 
line OX. 

Draw a line AB to represent the force of 5 lbs. There 
are twenty-four distinct modes of completing the diagram 
to furnish the resultant. If each member of a class draws 
one, or two, of these the whole series may be obtained. 

If we applied a sixth force at O, represented by FA, this 
force, being equal and opposite to the resultant of the other 
five, will be their equilibrant. This is a case of the general 
proposition known as the polygon of forces, which may be 
enunciated as follows* — 

" If any number of forces acting at a point are repre- 
sented by the sides AB, BC, CD . NA of a closed polygon, 
they are in equilibrium." 

The converse problem is : A number of coplanar forces 
acting at a point are in equilibrium. How a,ra \fcfcvt 
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magnitudes and directions related ? There is a polygon 
whose sides represent the forces, and the question is, what 
data will enable us to construct this polygon ? If there 
are more than three forces, a knowledge of their directions 
is not sufficient. The reason is that equiangular polygons 
are not necessarily similar, for example, a square is not 
similar to a rectangle. 

In other words, if a number of forces acting at a point 

B 
A 





C 



^^ 




B 



» » 



are in equilibrium, they are represented on some scale by 
the sides of a certain set of similar polygons, termed force 
polygons, but not by the sides of any polygon which can 
be drawn with its sides parallel to the directions of the 
forces. Commencing with the case of four forces, P, Q, S 
and T, acting at a point in given directions we see that if 
the magnitudes of two are known these two may be re- 
placed by their resultant R, a known force. We now 
have three forces, R, S, T, acting at a point in given 



FORCE POLYGONS 249 

directions, and can at once find the magnitude of S and T 
by drawing a triangle. 

Hence we can draw a force polygon for the set of four 
forces if we know the magnitudes of two of the forces. 

We may notice that if the lines of action of two or more 
of the forces are the same, the polygon may have two or 
more of its sides in a line. 

In the first figure opposite the forces represented by 
OA and CO are nearly parallel, in the second they are 
actually parallel, and in the third all the four forces 
represented by OA, AB, BC, CO are all parallel, and 
the polygon reduces to a single line. 

Example. 

1. Five forces acting at a point in given directions are in equili- 
brium. How many must be known in magnitude for a force polygon 
to be drawn ? 

It will be now easily seen that however many forces 
acting at a point in given lines are in equilibrium, we 
can find the magnitudes and directions of two of the 
forces if the magnitudes and directions of all the rest are 
known. A convenient mode of doing this will be illustrated 
by an example. 

Five forces, P, Q. R, S and T, act in one plane at a point 
O, in lines OA, OB, OC, 01), OE inclined at equal angles 
(of 72°) to one another. 

Given P = 5 lbs., Q = 22 lbs., and S = 1 6 lbs., and that the 
directions of P, Q and S are indicated by the arrows, fine? 
the magnitudes and directions of R and T. 
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Commencing with any one, say Q, of the three given 
forces, draw a line HJ to represent it. 

Draw JK to represent a second, say P, of the given 
forces, and KL to represent the remaining one. 

We notice that HL represents the resultant of P, Q and 
S, and therefore must represent the equilibrant of R and 
T; thus R and T are the components of this resultant 




H 




J *->-^K 



along OC and OE. To obtain these we draw a line 
through H parallel to one of the lines OC or OE, say OC, 
and a line through L parallel to the other OE. Let these 
lines intersect in M, then LM represents T and MH 
represents R. 

It must be carefully observed that LM determines not 
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only the magnitude of T but also its direction, i.e. in a 
direction from E towards O, and not from O to E. 

The student will find 
that there are twelve 
ways of drawing the 
figure. They are repre- 
sented in the figure. 

Any continuous 
path,HJKLMH, along 
the lines of the dia- 
gram determines a 
force polygon. 

Examples. 

2. Three forces, P, Q, R, 
of 10, 20 and 30 lbs., act 
at a point in the directions 
S., N. 65° E., N. 55° W. 
makes with the force Q. 

3. The following forces act at a point — 15 lbs. due E., 20 lbs. N.E., 
40 lbs. N. 30° W., 50 lbs. S. Find the magnitude of the resultant, 
to the first decimal of a pound, and express graphically the direction, 
giving the tangent of its inclination to the E. and W. line. 

4. Find the magnitude and the direction of the resultant of the 
four following forces acting at a point : 5 lbs. weight acting E., 
4 lbs. N., 9 lbs. W., and 8 lbs. S. 

5. Three equal forces of 100 lbs. act at a point, the first in 
direction E., and the other two at equal intervals of 72° round by 
the N. By the " polygon of forces," or otherwise, show that their 
resultant is 162 lbs., and find its direction. What is the direction 
and magnitude of the resultant of four such forces? 

6. Four bars, OA, OB, 00, and OD, are jointed together at 0, the 
angles between consecutive bars are 25°, 125°, 140°, and 70°. If 
the pull in OA is 25 lbs. and the thrust in CO is 45 lbs. find tb' 
stresses in OB and OD which will keep the joint at rest. 

7. Four forces acting in a plane at a point 0, are te^x^ft»S 




Find the resultant, and the angle it 
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in ifia^fiilii'le and direction by the lines OA, OB, OC, and OD. 
i)\ 'I iw.hr*, OB 3*5 inches OC = 1*2 inches, OD = 4 inches. 
' A OB IV, / A'X: - 00*, .l AOD = 221 \ An inch represents 
10 11m. weight. Draw a diagram to scale to represent the forces and 
iiicAimre off from the diagram the value of the resultant OF and 
the /. AOF. [Army.] 

Frames. — An important type of structures, much used 
for roof* and bridges, are known as framed structures or 
frames*. A " frame " is a structure composed of bars or 
rods jointed to one another. Two instances are shown 
at pp. 200 and 201. 




Elevation 



Plarv 



Wo will suppose the joints to be " pin joints," such that 
the bars could turn freely about the pin. The action of 
the pin on the bar is. in the circumstances, equivalent to 
a single force {sec p. IST\ 

l-ot us suppose that any weights or external forces 
whioh arc supported by the frame, are applied at the 
pais or joints 
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Consider the forces acting on a typical bar AB of such 
a frame, namely — 



(S 




(1) The action P of the pin at A on the bar, (2) the 
action Q of the pin at B on the bar, (3) the weight of 
the bar itself. 

The weight of the bar itself will obviously in many 
cases be small compared with the loads, and we will 
neglect it. 

The forces P and Q must therefore balance one another, 
and this is only possible if they are equal and they act 
in the line joining A and B. Hence the bar is subject 
either to a direct pull or to a direct thrust. 

A bar in a state of tension, thafc is, subject to a direct 
pull on either end, is technically termed a tie. 

A bar in a state of compression, that is, subject to a 
direct push or thrust on either end, is technically termed 
a strut. 

In the diagram representing a structure (frame diagram) 
the struts and ties are distinguished by + and — signs, thus — 




The result just proved may be enunciated thus : " If 
a frame is loaded at the joints, if the jomta axfc i\fcfc,«xA 
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we neglect the weight of the bars themselves, then each 
bar of the frame is either a strut or a tie, i. e. is subject 
only to a direct longitudinal force." 

It may seem that as the assumptions on which this 
proposition is based are not strictly true, any conclusions 
deduced from it will be of small practical value, but this 
is by no means the case. Any stiffness or lack of freedom 
in the joints evidently increases the stiffness of the 
structure as a whole, and so the error caused by neglect- 
ing the stiffness of the joints is, as a rule> an error on the 
right side, that of safety. 

Again, the effect of the weight W of any one bar on 
the remainder of the frame may be correctly found by 
replacing W by two forces each |W at the ends of the 
bar. There only remains the bending effect on the bar 
itself, due to its own weight. This bending effect is often 
though not always negligible. It is discussed fully in 
books on applied mechanics. 

Advantages of a Framed Structure. — By experimenting 
on a small piece of wood, such as a wooden match, the 
student will realize that it is not possible to pull it in 
two by a fair direct pull. He may also show by placing 
two matches in a vertical position in small holes bored 
in a piece of wood, and then piling books or weights so 
as to rest half on the matches and half on a fixed 
support, that they can support a considerable thrust, or 
compression. On the other hand, he will find that a 
match supported at its two ends will only support a 
comparatively small weight at its centre. 
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If time permits the experiments may be repeated with 
slips of stronger woods than the soft pine generally used 
for matches. 

Similar experiments indicate that solid bars of wood 
and many metals possess considerable tensile and com- 
pressive strength, but are ill-suited to resist bending, and 
hence the important conclusion may be drawn — 

" The bars which make up a framed structure are sub- 
jected to the kind of 'stress' or distorting force, which 
they are best fitted to resist. ,, 

An important difference between a bar in tension and a 
bar in compression must now be noticed. In the case of 
a tie the pulls on the two ends tend to keep the bar 
straight, while in the case of a strut, if the bar gets 
bent the forces applied to it tend to bend it more. To 
prevent the bar bending it must have considerable 
section. In a structure such as an iron roof or a girder 
of a bridge it is frequently possible to find out which bars 
are in tension and which are in compression by observing 
their construction. 

Ties are usually solid bars of small section, either round 
or rectangular. On the other hand, the compression bars 
or struts have to resist the tendency to " buckle " or bend, 
and must have sections suitable for this purpose. 




3 



IT 



Sections op Ties. Sections of Struts. 

The difference in construction may be noticed ux ^Vsfc 
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iron roofs of railway stations and in many railway bridges. 
Look also at the shape of the ribs of an umbrella frame, 
and also at the shape of the stalk of any tall plant, 1 e. g. 
wheat, fennel, figwort, sedge. 

Consider now a beam, AC, built into a wall, as shown 
in the figure. A weight W hung from C, evidently 
tends to break the beam off short at A. If we tie the 





ond C up to the wall by a string BC, we relieve the beam 
to some extent ; and we may prevent the weight at C 
from having any tendency to bend the beam by hinging 
the beam to the wall at A. 

We will neglect the weight of the beam. The beam 
AC is acted on by two forces, viz. the reaction of the 
wall at A and a force at C, which is the resultant of the 
weight W and the tension T of the string BC. These 
forces cannot be in equilibrium unless they have a com- 
mon line of action, and this common line of action can 



1 Brit. Assoc. Rep., 1904, p. 812. 
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only be the line CA. The direction of the resultant and 
also of the equilibrant of W and T, is in the line CA. 
Hence, if W is given, the magnitude of T and of the 
thrust of the beam on the end 0, which thrust is the 
equilibrant of W and T, can be found. 



Examples. 

8. B is a point on a vertical wall 3 feet above A. A beam, AC, 
2J feet long, is hinged at A, the end C being attached to B by means 
of a rope 2J feet long. Find the thrust in the beam and tbe tension 
of the rope caused by hanging a load of 84 lbs. at C. Why is it 
quite unnecessary in this case to draw a force diagram 1 

9. A weight of 10 lbs. is suspended by means of two strings, each 
6 inches long, from two points A and B, in the same horizontal line. 
If AB has the following values, 0, 2, 4, 6, 8, 10 and 12 inches (very 
nearly), find the corresponding tensions of the strings. Draw on 
squared paper a curve showing how the tension varies as AB 
increases. 

10. If one string was 4 inches long and the other 8 inches in the 
last example, make a table of values of the tensions of the two 
strings (now different) for the same values of AB. Draw two 
curves on tbe same piece of squared paper, showing how the tensions 
alter as AB increases. 

Triangular Frame. — Consider a triangular frame ABC 
composed of three jointed bars of given lengths. Let a 
giveu weight W be hung from C, and the frame be 
supported with AB horizontal by vertical reactions Q and 
P at A and B. 

The forces acting on the joint or pin at C are W, the 
thrust S of the bar AC, and the thrust R of the bar BC. 
These forces act in known directions, and hence a force 
triangle may be drawn. 
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Example. 

11. L*t AC = 7 inches, BC = 9 inches, AB = 13 inches, and 
W — 5 lba. Draw the force triangle for the joint C. 

Next consider the bar BC. It is acted on by two forces, 
the reaction of the pin at C and the reaction of the pin at 
B. These, as we have already noticed, must be equal and 
act in the line BC. Since the action of BC on the pin at 
B is equal and opposite to the reaction of the pin at B on 
the bar BC, the action of BC on the pin at B is equal to 
the known force R. 





Forces on C 




Forces on B C 



-As 




Forces <m B 



Tho forces acting on the joint B are three in number— 
^T The thrust U of the bar CB ; v 2) the vertical pressure 
V of i ho support ; v 3» the pull T of the bar AB ; and the 
triangle of forces for the joint B can be drawn. 
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Examples. 

12. Draw the triangle of forces for the joint B, using the data 
and result of Example 11. 

13. Specify the forces acting on the joint A, and draw the triangle 
of forces for this joint, using the result of the previous example (12). 

14. Draw the triangle of forces for the joint A, using the result of 
Example 12. Are the answers of 13 and 14 in agreement % 

The student should have no difficulty in seeing that the 
three separate triangles of forces for the joints A, B and 
C can be put together, like the pieces of a puzzle, into a 
single figure, as shown. 

The advantage of drawing this single figure instead 
of three separate triangles is obvious. We have only 
six lines to draw and measure instead of nine. As there 
are six distinct forces in question, it is clear that no 
simpler representation of their magnitudes and directions 
is possible than that given by the above figure. 

Any framed structure may be regarded as a collection of 
joints, each of which is kept in equilibrium by a number 
of forces acting in given directions. 

A "force polygon" exists for each joint; and these 
force polygons may be combined into a single figure which 
may be termed its force diagram. 

Bow's Method. — A method of indicating corresponding 
lines in the force and frame diagrams was proposed by 
Mr. R. H. Bow 1 (Economics of Construction, 1873), which, 

1 It is stated in CotterilPs Applied Mechanics that the method 
was suggested, at a meeting of the London Mathematical Society 
in 1871, by Professor Henrici. 
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though at first sight it may appear artificial, possesses 
striking advantages in complicated cases. 





In the above figure the frame and force diagrams of 
p. 258 are re-drawn and lettered in accordance with 
Bow's notation. 

Commencing with the frame diagram we treat it as if it 
were a map; that is, we give distinguishing names or letters 
to the regions or spaces into which the lines of the figure 
divide the plane. A line is named by the regions between 
which it is the boundary. The frame diagram is lettered 
in the ordinary way as a geometrical figure, and it will be 
found possible to name the points on it in such a way that 
any line, for example ad, has the same name as the 
parallel line in the frame diagram. The principle of the 
method is therefore that corresponding parallel lines in 
the frameand force diagrams shall be named alike. 
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Example. 

15. A triangular frame ABC is acted on by forces at ABC at 
right angles to the opposite sides. Given AB = 11 in., BC = 12 in., 
CA = 13 in., and the force at A = 15 pounds acting inwards — specify 
the forces acting on the joint A, the joint B, and the joint C. Draw 
the force triangle for each joint, and put the force triangles together 
into one force diagram. Letter the frame diagram and the force 
diagram by Bow's method. 

If the joint A and the force triangle for it are drawn in red, B and 
its triangle in black, C and its triangle in blue, the connection 
between the frame and force diagrams will be clearly shown. 

The following example will show the method of pro- 
cedure — A roof frame of iron, span 40 feet, is represented 




in the figure. The short bars are at right angles to the 
long rafters (each 22 feet) at their middle points. 

We will draw the force diagram on the supposition 
that the frame is loaded with W cwts. at the apex 
and at the centre of the long rafters, and supported by 
vertical reactions. 

It is clear, from the fact that the frame and the loads 

are both symmetrical on either side of the roof, that the 

3W 
reactions at the points of support are equal, and each . 

Step L — Draw the frame diagram to scale, indicate the 
lines of action of the external forces and lett&x \.W ^fe£&&. 
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Remark. — We only letter the spaces in order to enable 
us to name each bar, and each external force. We shall 
avoid increasing the number of spaces unnecessarily if we 
never draw a line of action of an external force so as to 
cut across the frame, or in both directions away from 
the frame. Adherence to this rule will save much trouble. 
Step II. — Draw the force polygon for the external forces 
and letter it on Bow's principle. 

BemarJcs. — (1) The frame, as a whole, is in equilibrium 
under the external forces. Imagine the frame while keep- 
ing its shape to become smaller and smaller, the forces 

keeping their original 
a Cb magnitudes and direc- 

tions. Evidently the 
frame would still be in 
equilibrium. The frame 
fo may be supposed to be- 
come so small that the 
external forces act at a 
point. We can therefore 
draw a force polygon for 
the system of external 
forces. 

(2) In this case, and in 
most of the cases in which 
the frame is subject to 
vertical loads, this polygon degenerates into a line 
(cf. pp. 248, 249). 

(3) There are always two ways of doing- this, as shown 
above. 



O 






O 



Cb 
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Step III. — Find a joint for. which we can draw the 
triangle or polygon of forces. Draw this triangle or 
polygon and letter it. Such a joint in the present case is 
am,o. The points a and in the force diagram have been 
obtained. Draw am, om, parallel to the lines am., om in 
the frame diagram. 

Remark. — (1) A convenient way of noting which points 
are already known and which are to be found, is to 
underline those already known, a, m, 0. 

Step IV. — Find whether the bars at the joint in ques- 
tion pull it, or push it, i. e. whether they are struts or 
ties. Here am pushes and is a strut, mo pulls and 
is a tie. 

Remarks. — (1) This is best indicated on the frame 
diagram, by putting + against a strut, — against a tie. 



m 





??i 



>^= 



(wrong) 



(2) The triangle amo shows the directions of the forces 
acting on the joint. Beware of thinking that the joint 
exerts a Torce on the bar mo in the direction shown in the 
lower figure. 
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Mrp V. — Repeat Step III. for the remaining joints in 
turn, namely — 

(1) ambf, (4) Va'm'f 

(2)_o infg, (5) om' a', 

Wbb'f'gf, (fyogfm'. 

Tiie final frame and force diagrams are shown below. 




TfVftV 



Remarks. — (1) We observe that at each step we deal 
with a joint for which at most only one new point has to 
be fixed in the force diagram. 

(2) The parallelism of the last line drawn, to the cor- 
responding bar of the frame diagram, furnishes a check on 
the accuracy of the work. 

(3) Any line in the force diagram either represents an 
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external force or else it forms part of two of the separate 
force polygons for two joints. 

For example, consider the line mf. This forms part oi 
the polygon abfm and also of the polygon mfgo : wf repre- 




sents a force directed upwards — the push on the joint 
aim/; fm represents a force directed downwards — the push 
on the joint omfg. 

It is for this reason that arrow-heads should never be 
placed on the complete force diagram, though there is no 
harm in putting arrow-heads on a force polygon for a 
single joint, if it is drawn separately. Some writers 
place arrow-heads on the frame diagram, but this too is 
apt to lead to mistakes, and in any case conveys no 
further information than is given by the + and — signs. 

Common-sense will often show that a particular bar of 
a frame is a strut, or a tie, as the case m^j \te. r S>was 
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it is obvious that am is a strut In the case of the 
bar/17, the answer to the question 'strut or tie" is not 
so obvious, and we now explain more fully how to find 
the answer from the force diagram. The bar^ acts on 
the joint at the ridge, and the polygon for this joint is 
bh'f'gf. The load on this joint is represented by b'b, and 
its direction is downwards, therefore the directions of the 
other forces on the joint will be indicated by going round 
the polygon, starting from V towards b. Showing the 
course taken by arrows we see that the bar fg is pulling 
the joint and is therefore a tie. 

What is the bar fbl 

If we wish to consider the joint omfg, we notice that as 
the b&rfg pulls on the joint at the ridge it must pull also 
on this joint. 1 

(4) The force, either thrust or tension, in a bar may be 
conveniently termed the stress in the bar. 

(5) It might be supposed in a case in which both the 
frame and the load are symmetrical with respect to a vertical 
axis, that only half the Bow's diagram need be drawn. 
This is not the case. The important check which the 
completion of the Bow's diagram furnishes is lost if the 
diagram is left unfinished. 

A table giving the magnitude of each stress with its 
proper sign should be drawn up. A convenient notation 
for the stress in the bar fg is S^. 

1 The student may satisfy himself by holding a pencil one end in 
each hand that a bar can pull the ends to which it is fastened to- 
gether, or can thrust against both ends, but being an inanimate 
object, cannot pull one end and at the same time push the other. 
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Calculation from Bow's Diagram. — Knowing the inclin- 
ations of the bars of the frame to the horizontal, we can 
readily calculate the relative lengths of the lines in the 
force diagram, and thus the magnitude of the stresses 
represented. Thus, in the frame just dealt with, the long 
rafters being inclined at a to the horizontal, and the 
short struts at right angles to the rafters, the angle fgm 
is 2a, and we find — 




&am — ^a'm — 



3W 

2 sin a' 



turn 



S 6 / = 



om 



S 



Sy/ = 2sln^- Wsina ' 

Q 3W 

£W = -7j— cot a, 

S/ m ' = W cos a, 



[fin = bU] 
= " cot a, 
[fg sin 2a =/K =fm cos a] 



_ S/ Ml COS a _ W 
r ° " sin 2a " 2 



S n = W cot a. 



'00 
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Design of a Tie-rod. — Suppose that, by drawing a Bow's 
diagram for a given frame, subject to given loads, we 
have obtained the following results — bar ab tie, tension 
10 cwts. ; bar be tie, tension 5 cwts. The question arises 
what should be the thickness of these bars? 

If a certain bar will support a pull of 5 cwts., it seems 
clear that two such bars side by side will support a pull of 
10 cwts. equally distributed between them, and that if the 
two bars are joined together to form a single bar, this 
result will still hold good. We conclude therefore that 
the strength of two bars of the same material to resist 
tension is in direct proportion to the area of their cross 
section. 

By the term " same material," we do not mean simply 
that the rods are both for instance of iron, but that they 
are of the same quality of iron, equally free from flaws 
and variations. The thicker the iron the greater the 
difficulty of ensuring uniformity of quality. The design 
of long struts is a more complicated matter, and cannot 
be discussed here. 



Examples. 

16. What diameter should be given to a tension rod to resist a 
pull of lj tons if the tensile stress should not exceed 4 tons per 
square inch? 

• 

Draw the frame diagrams of the structures shown, with 
their loads in the following figures. Draw the force 
diagram for each, and tabulate the stresses in the 
bars. 
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17. Reactions vertical ; triangles equilateral. 




Span. 20 feet : slope, 45°. 
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18. Reactions vertical ; load, 2 cwts, at apex, and at centre of each 
Ion*; rafter. This frame is known as the " King Post " and is often 
to he seen in large barns or in houses which are being built 

19. Same roof ; iinsymnietrical load, viz. 2 cwts. at apex, 1 
cwt. and 2 cwt. at centres of long rafters. Assume the reactions 
vertical, and find them by taking moments about A and B in turn. 
Check by means of their sum. 

20. Consider the same roof with the loads of Example 19, and 
also horizontal force of 2 cwts. at the middle of the left-hand rafter. 
Assume the reaction at B vertical. 

21. Example 20, assuming the reaction at A vertical. 

Jitmark. — In a large roof it is undesirable to fix both sides 
rigidly to the walls, for any change of dimensions, due 
to heat or cold, produces forces of great intensity 
(witness the bursting of water pipes in a frost) which 
might fracture the supports, or part of the roof. It is 
customary therefore to fasten one side firmly down and let 
the other side rest on rollers as shown in the figure, page 
272. 

22. Suppose the slope of the long rafters in Examples 18-21 to be 
a". Determine, from the force diagram, formulae for the stresses in 
the various bars. 




23. Reactions vertical ; span, 32 feet ; length of rafters, 24 feet ; 
length of short pieces, 4 feet ; loads, 30 cwts. at apex and centres of 
long rafters. 



EXAMPLES 
24. Same frame ; loads, 3, 4 and 5 cwts. 
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25. Reaction vertical ; long rafters, each 12 feet ; cross rafters at 
middle of long rafters ; loads, 10 cwts. at apex and centres of long 
rafters. 

In practice the 12-feet rafters would not be jointed at their 
middle points. It is customary however to treat them as 
jointed, the error being, speaking generally, on the side of 
safety. That is to say, we calculate the stress in the 12-feet 
rafters assuming them jointed. We choose beams capable of 
bearing the calculated stress if jointed. As they are in 
reality unjointed they are even stronger than need be. 

The effect on the pins at the ends of replacing two 
jointed bars by a continuous bar is not so simple. 




26. Reactions vertical. Load 1 ton at centre joint. 
This structure is known as a Warren girder, from 
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Captain Warren, R.E., who first proposed its use for 
bridges. It had been used by Watt as a strong yet light 
beam for his steam engine. 

In practice, the top and bottom horizontal bars, called 
flanges, are continuous, but the same assumption is made 
as in the preceding example. The triangles are usually 
equilateral and the reactions vertical. 



27. Draw the force diagram for the girder in the following case : 
(1) 2 tons at each joint of lower flange ; (2) 2 tons at each joint of top 
flange ; (3) 2 tons at each joint of top and bottom flanges ; (4) a 
single load of 5 tons at the second joint of the bottom flange. 




28. N-girder, reactions vertical. Slope of braces, 45°. 

This is a modification of the Warren girder, designed to 
reduce the length of the struts in the cross-bracing to a 
minimum for a given depth of girder. 

29. Draw the force diagram for the above girder for the following 
loads : (1) 5 tons at each joint of bottom flange ; (2) loads in joints 
of bottom flange 10, 15, 5, 5— (a) from left to right, (b) from right 

to left .Reactions vertical. 
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30. Vertical reactions at A and D ; span 18 feet ; height 8 feet ; 
loads, 3 cwt. and 6 cwt. at the points of trisection B and C. 

31. A rectangular frame 3 feet by 4 feet has two diagonals. If 
one diagonal is screwed up to a tension of 500 pounds, find the 
stresses in the remaining bars of the frame. 

32. ABCD is a square frame : forces 1, 2, 3, P act outwardly at its 
angular points respectively ; the direction of the force 1 bisects the 
angle at the point where it acts. Find by a construction the direc- 
tions of the other three forces, and show that P does not differ much 
from 2}. 

33. The jib AB of a crane is 32 feet long, the post AC 15 feet, the tie 
BC 19 feet. The weight of 48 cwt. is attached to a chain which runs 
over a pulley at the end of the jib and then along the tie. Find 
graphically the stresses in the jib and the tie. 




34. A cantilever, hinged to a wall at A and B, and its load are 
shown above. Draw the force diagram, and tabulate the stresses. 
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3ft. Vertical reactions, span 18 feet, height 9 feet, length of 
vertical bar 4 feet, loads 2 cwt. at apex and at middle of each 
long rafter. 

3(J. ( Consider the same frame with loads of 2 cwt. at the apex and 
3 and ft cwts. at the centres of the long rafters. 




37. Frame hinged at A and B to a vertical wall. Examine the 
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effect of lengthening the 4-feet bar to 6 feet, altering the 7-feet bars 
so as to leave all the other joints in their former position. 

38. A frame of five bars consists of two equal triangles, HKM t 
HKN, M and N being on opposite sides of HK, and in a horizontal 
line ; HK = 10 feet, HM = HN = 40 feet, KM = KN = 35 feet ; it 
stands on horizontal supports under M and N, and carries a weight 
of 2000 lbs. at K ; draw a diagram for the stresses, and state the 
magnitude of each, and whether it is a tension or a thrust. 

39. A small ring lies on a smooth horizontal square table, at a 
point which divides the line joining the middle points of two 
opposite sides in the ratio of 1 : 3. It is kept in this position by 
four strings, each of which is tied to the ring. The strings pass 
severally over pulleys at the four corners of the table and carry 
weights. The weights at each of the corners nearest to the ring are 
of 20 oz8. Find the weights at the other corners. 

40. A spar inclined at 30° to the vertical carries at its upper end 
a small, freely-moving pulley wheel. A weight of 800 lbs. hangs by 
a rope passing over this wheel. The spar is supported by a tie rod 
inclined at 30° to the vertical. Find the tension set up in this tie 
rod, and the thrust produced in the spar when the pulling end of 
the rope is inclined at 45° to the horizontal. 




B 



41. AB = 20 feet. Draw arcs of radii 105 and 13 feet passing 
through A and B. Place in each arc four equal chords, viz. AC, 
CD, DE, EB, and AL, LM, MN, NB respectively. The complete 
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frame thus determined is shown above. Suppose it loaded with 
2 cwts. at C, D and E, and supported by vertical reactions at A and 
B. Draw the force diagram and tabulate the stresses in the bars. 




42. A roof-truss for a railway station platform is supported on two 
pillars and loads in cwts. are as shown. Find the stresses in the 
various bars of the frame. 



B 




43. An arch is freely hinged at A, B and C. A and C are fixed 
to masonry abutments. Ascertain the direction and magnitude of 
the reactions at A and C, and draw the force diagram : horizontal 
intervals, 12 feet ; length of verticals, 28, 18, 12, 8 and 6 feet ; loads, 
1 ton at each top joint, including B. Assume the stresses in the 
inclined bars at B equal. 

44. The framework of a crane is shown in the accompanying 
diagram. The load is at A ; a counterweight is at B ; E works in 
a fixed socket, and the framework is supported by a ring of rollers 
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vhich exert a horizontal thrust at D. Construct the force diagram 
ind draw up a table of results. 
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LINK POLYGONS 

Wk shall now endeavour to determine by a graphical 
method the line of action of the resultant of several 
rnplfiimr forces whose lines of action are not concurrent 

Suppose four forces P, Q, R, S to act along given lines, 
iih iu figure I. We take the case of four forces, but the 
hu'I'IuhI i.s perfectly general. The student should draw the 
following diagrams in coloured chalks, using one colour 
for P and its components and their lines of action, another 
for Q, mid so on. 




I. 




On any convenient scale draw lines AB, BC, CD, DE 

to represent P, Q, R and S. 

278 
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Take any point in the plane and join OA, OB, OC, 
OD, OE. 

AO and OB represent forces whose resultant is P, 

BO OC „ „ „ „ Q, 

CO OD „ „ „ „ B, 

DO OE „ „ „ „ S. 

Now take any point /3 in the line of action of P. Draw 
through /3 lines a/3, /3y parallel to AO, OB — fiy meeting 
the line of action of Q in y. 

Through 7 draw 75 parallel to OC, meeting line of action of R in 5. 
„ 5 „ 8e „ OD, „ „ „ S „ €. 



€ €« OE 



P supposed to act at /3 may be replaced by its two 
components, represented by AO, OB and acting along 
aj3 and /3y. 

Q supposed to act at y may be replaced by its two 
components, represented by BO, OC acting along y/3 
and yh, and so on. The forces represented by BO and 
OB neutralise one another — so do those represented by 
CO and OC, and so on. 

Thus the four forces P, Q, R, S may be replaced by — 

(i) A force represented by AO acting along a/3, 
(ii) „ „ „ OE „ „ €(o. 

Three cases may arise : — 

I. If P, Q, R, S have a single resultant it is represented 
in magnitude and direction by AE and its line of action 
goes through the point of intersection of a/3 and eco. 

II. If P, Q, R and S are in equilibrium the fo« 
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polygon will close, i.e. the point E will coincide with 
the point A; and the lines aft and co> will coincide. 

III. If P, Q, R and S are equivalent to a couple— the 
point E will coincide with the point A; and the lines 
aft and co> will be parallel, but not coincident. 

The figure ABODE is technically called the force 
polygon of the system. The figure formed by the lines 
a ft> /3y> y$, 8e, €o> is termed the link polygon, or, by some 
writers, the funicular polygon of the system. 

The foregoing three cases may now be stated concisely 
as follows — 



T. For a single resultant . 
II. For equilibrium . 
III. For a couple 



Force Polygon. 


Link Polygon. 


Open 

Closed 

Closed 


Open or closed 1 
Closed 
Open 



Where no confusion is likely to arise the figure 
OABCDE is sometimes referred to as the "force 
polygon." 

As the point O may be taken anywhere in the plane 
and the point ft anytvhere on the line of action of P 
it is clear that the construction may be carried out in 
very many ways. 

With a little practice positions for O and./3 can be 
so selected and the order of the forces so chosen as to 
avoid the inconveniences caused by the link polygon not 

1 In this case the link polygon \ri\\\jfe c\o«fcA\i O ^a&been taken 
anywhere on the line AE. 
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'4, Draw OF parallel to am to meet AE in F. The 
components of X must be FO and OA. Hence FA must 
represent X, and EF must represent Y. 

Corollary. — 'i; Observe that if afiybti* represents a frame, 
the forces P, Q, R, S, X, Y applied at the joints will keep 
it in equilibrium ; and the figure OABCDEF is a Bow's 
diagram for the stresses in the framework. The force and 
link polygons may accordingly be lettered by Bow's method. 

(ii) The point of intersection of aft and a>e is in the 
vertical line through the C.G. of the loads. 



Examples. 

1. A horizontal beam 10 feet long is supported at its ends A,B,and 
can its loads of 1, 3, 3, and 5 cwts., applied at points 2, 3, 5 and 7 feet 
from A. Determine the vertical reactions at A and B by a link 
polygon construction. 

2. Figure 3 shows 
the shape of a piece of 
thin iron plate of uni- 
form thickness to a 
scale of ^. Deter- 
mine the position of 
the C.G. of the plate, 
by constructing, by 
means of a link poly- 
gon, the line of action 
of the resultant of the 



weights of the individual rectangles. 

Experiment 1. 

Consider three forces of 1*5, 2, and 3*5 lbs. acting 
consecutively along the sides and hypothenuse of an 
isosceles right-angled triangle, side 4 inches. Deter- 
mine the line of action of the equilibrant of these 
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7. Draw a square A BCD, with AB horizontal. A weight o 
pounds is to )>e supported by a force at A, inclined at 45° to 
a force at C passing also through the middle point of AD, a foi 
B making f>0 J with BA. Determine— by drawing a link polygor 
then a force polygon— the magnitude of these three forces. 

8. The figure represents a number of strings knotted togeth 
P, Q and K, and passing over smooth pulleys at S, T and T. Ii 
vertical strings carry weights, and that hanging from the pi 
S is 100 grams, find the other weights. [Ai 




Suspension Bridge. — Suppose a uniform platform hi 
by equidistant vertical rods, from a chain. If we negl 
the weight of the rods and the weight of the chain, 
comparison with the weight of the platform, we can reac 
determine the form of the chain. 

The chain will be supposed to consist of a series 
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straight bars, each bar going from the top of one tie 
rod to the top of the next. 

The conditions just mentioned are approximately 
realised in an ordinary suspension bridge. 

Some numerical examples will render the method of 
solution clear. 



Example. 

9. In a small suspension bridge of 66 feet span the platform is 
supported by ten vertical rods (exclusive of the end piers) on each 
side at equal intervals— the rods being attached to two chains, one 
on each side of the platform. Given that the tension in each 
vertical rod is 10 cwts., and that the tension in the central link 
of the chain is 6 tons, find the tension in the other links of the 
chain, and their inclination to the vertical. 

Treating the chain as a frame and lettering the diagram 
by Bow's notation we can draw the triangle of forces for aob'. 




Make aV vertical to represent 0*5 ton, and ao horizontal 
to represent 6 tons. 
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Next, draw the triangle of forces for the joint Voc. 
Continuing we finally obtain the complete force polygon 
for the frame. 

The directions of the links of the chain have now been 
found, for ob' in the frame diagram is parallel to oV in 
the force diagram, and so on. 

Examples. 

10. Show that the tangents of the angles of the inclination of the 
links to the horizontal are in arithmetical progression, and write 
down their values. 

[tan0 1 = j--, 

2 

tan 2 = — and so on.] 

11. Find the length of each link by measurement from the 
diagram, and check by calculation. 

[Here ob' = 6 sec 9 V 

oc' = 6 sec 02, etc.] 

12. Find the tensions in o&', oc' . . . etc., by measurement from 
the force diagram, and check by calculation. 

[T60'= x / 6 2 + _ 1 2J 

tv = V62T1 2 ; 

or Tob' = 6 sec 9 V 
Toe' = 6 sec 2 .] 

13. Show that if the tension in the central link is any given 
fraction, say § of the total load, the force polygon can be at once 
drawn. 

14. Find the lengths of the several vertical rods (given that length 
of ah' = 2 feet) from the frame diagram, and check by calculation. 

[6 V = ab' + 6 tan 0, 
= 2 + } = 2JJ 

In practice the problem presents itself in a somewhat 
different way. 
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say K. Hence the line of action of T must also 
through K, and consequently the first link must lie alon* 
the line BK, and is therefore represented by BC in the 
frame diagram. 

The triangle of forces can now be drawn, and T and T 
determined. Note that BKH is a ready drawn triangle 
of forces. This is important in military bridging The 
actual pattern of the chain, roadway and tie rods will be 
laid out full size on level ground close by, to enable the 
pieces to be constructed and put together. When this 
has been done the force triangles such as BKH can be 
measured off from the pattern on the ground. 

Examples. 

16. What is the inclination of the end link to the horizontal? 

17. Show how to calculate T by taking moments about B. 

The complete force diagram can now be drawn, after 
Bow's method, as in the foregoing example. The positions 
of the remaining links may be determined from the Bow's 
diagram ; or by applying the same reasoning as before to 
the forces acting on the portion of chain comprising half 
of the middle link, half of the link CD, and the inter- 
mediate links. 

18. Examine the effect of decreasing the " dip " or depth of the 
central link below the tops of the piers to (a) 8 feet, (6) 6 feet. 

19. Express the ratio of the greatest to the least tension in the 
chain, in terms of the ratio dip : span. 

If there is an odd number of vertical rods there is no 
horizontal link. This case will be most easily dealt with 
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fining a very short horizontal link put in at the 
}f the chain, and the central tie rod divided into 
;ions, one at each end of this horizontal link. The 

in each of these two portions will be half the 
in any other vertical tie rod. The value T can 

found, as before, and the force polygon drawn, 
e link polygon, i. e. the form of the chain, can be 



Examples. 

)pose seven equidistant vertical tie rods, the tension of 
ts., to support a platform 24 feet long, the middle of the 
ig 4 feet below the tops of the piers. Determine the form 
in and the tension in each link. 




>. — In practice the chain is not fastened to the top 
>ier, but is led over it and anchored down to the 
as in the right-hand figure. 

he tension in the topmost link is 12 tons, and the height 
r 18 feet, what is the moment tending to upset the pier, 
the chain fastened to the top of it and inclined at 75° to it ? 
in the case of the last example, the chain is led over the 
pier, at what point of the ground should it be fastened iu 
t there may be no moment tending to upset the pier ? 
le tension to be the same on either side of the pier, 
sun usually rests on a roller or " saddle " on \,W \«^ v& 
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the pier to give the small amount of play necessary to allow for 
expansion. 




23. Suppose the topmost link in Ex. 21 fastened to the saddle, and 
another chain fastened on the other side of the saddle, and leaving 
the pier at an inclination of 45° The saddle rests on rollers, which 
are on the top of the pier. What must be the tension in this chain 
if the saddle is in equilibrium? Will there be any upsetting 
moment on the pier in this case? 

The assumption that the load on the platform is 
uniformly distributed is very closely realised as far as the 
weight of the roadway or " dead " load on an ordinary 
suspension bridge is concerned. But a moving or "live" 
load on the bridge interferes with the truth of this 
assumption, and hence a suspension bridge is not suited 

for the passage of heavy 
live loads, heavy, that is to 
say, in comparison with 
the dead load. Thus the 
suspension type is unsuit- 
able for railway traffic. 

If a wire is stretched 
nearly straight the weight 
of any portion, AB, of it 
is very nearly proportional to the horizontal distance 




B 
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turn over the pole, (2) increasing the pressure of each on the 
ground ? 

31. A suspension bridge, 160 feet long, and weighing 2 tons per 
foot, is carried by two cables. These cables make angles of 63° with 
the piers, and droop at the middle 20 feet below the heads of the 
piers. Each pier is supported by two back stays inclined at 40° to 
the horizontal. Draw diagrams of the forces acting (1) on one-half 
of the bridge, and (2) at the head of a pier, and find the pull in 
the chain at the middle, and at the pier, and in the back stay. 

32. Solve graphically Exs. 80 and 81, p. 240. 



CHAPTER X 

GENERAL CONDITIONS OF EQUILIBRIUM 

In the chapter on the liuk polygon we have shown 
that a system of forces in one plane acting on a rigid hody 
may either (1) be reduced to a single force — their result- 
ant — or (2) be reduced to a couple, or (3) may be in 
equilibrium. 

We now deal with the same problem by methods of 
calculation. In actual practical examples, just as in the 
case of three forces, sometimes calculation and sometimes 
construction will be the more suitable method. 

Proposition 1. — A single force acting at any point of a 
rigid body may be replaced by an equal force acting at 
any chosen point together with a couple. 
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Let A be the point at which the giNevi fotefc 1 ? *&\&,svx^ 
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let O be the chosen point. Apply at O a force equal to P, 
and a force equal and opposite to P. This of course does 
not affect the equilibrium of the rigid body. The given 
force P, and the force equal and opposite to it at O form a 
couple, and thus P at A may be replaced by an equal 
force P at O and a couple. 

The most convenient way of finding the magnitude of 
this couple is, generally speaking, to replace P by two 
components X and Y parallel to two rectangular axes 
through O. 

We then have — 

Moment of couple about any point in its plane 

= Moment of couple about O, 
= Moment of P about O, 
= Sum of moments of X and Y about 0, 

= Yx - Xy. 




If x and y denote the distances of A from O measured 
parallel to the axes x and y are called the "co-ordinates 
of A. 
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Examples. 

1. A person is endeavouring to turn a horizontal handle CBD fixed 
at right angles to a vertical rod AB, by applying a horizontal force 
through C at right angles to CBD, Show that in addition to a 
couple twisting the rod AB there is a lateral thrust tending to bend 
the rod. 

2. In the previous example let B be the middle point of CD, and 
suppose equal and opposite horizontal forces applied at C and D. 
Show that there is in this case no lateral thrust tending to bend the 
rod. 

[Examples 1 and 2 are of importance in connection with such 
practical problems as cutting a screw on a long thin rod.] 

3. A brass rod 18 inches long is fixed vertically upright, with its 
lower end in a vice. A screw is to be cut on it, the screw-cutting 
tool being worked by a horizontal handle 12 inches long, to one end 
of which a horizontal force of 20 lbs. is applied. Find the moment 
of the force tending to snap the rod off short at the vice. 

Reduction of a System of Forces. — Proposition 2. — Any 
number of forces in one plane acting on a rigid body may 
be reduced to a single force acting at any point we please 
in the plane, together with a certain couple. 

Let P x , P 2 , P 3 . . . be the forces, and suppose that they 
are applied at points whose co-ordinates are x x y lt x 2 y 2 , 

v&v etc - 

(1) Replace P, by its components XjY^ parallel to the 

axis, and similarly P 2 . . . by its components X 2 Y 2 . . . 
and so for the remaining forces. 

(2) By proposition 1 replace X 1 Y 1 at (xtfh) by X 1 Y 1 at 
O, and a couple whose moment is Y^ — X^ 

(3) Repeating this step for each pair of components in 
turn, the original set of forces is reduced to — 
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The set of forces X lf X 2 , X 3 . . . acting at O along Ox, 
» Yi, Yg, Y s . . . acting at O along 0y, 

and the set of couples — 

Y,ffi - X^i, Yga; 2 — X^ etc. 

(4) Reduction of a System of Forces. — We have already 
used the symbol 2 (X) to denote X x + X 2 + X 3 . . . We 
may state our results thus — 

The set of forces P lf P 2 , P 3 . . . may be reduced to 
(i) A force X = 2 (X) along Ox, 
(ii) A force Y = 2 (Y) along Oy, and 
(iii) A couple M = 2 (M) = 2 (Yx - Xy). 

(5) The forces X and Y may be replaced by their 
resultant, a force R acting at O, where R 2 = X 2 + Y 2 . 
From this proposition several important deductions follow 
immediately. 

I. Any system of coplanar forces acting on a body may 
be balanced by a force acting at any chosen point of the 
plane, together with a certain couple. 

Example. 

4. Can the single force have any direction we please ? 

II. Since a single force R can never balance a couple 
M, it is clear that if the original set of forces is in 
equilibrium, we must have 

R = 0, if. X 2 + Y 2 = 0, and M = 0. 
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that is, in other form, since if It vanishes both X and Y 
must vanish — 

X = 2 (X) = 0, 
Y = 2 (Y) = 0, 
and M = 2 (Yx - Xy) = 0. 

III. Conversely, if a system of coplanar forces acting on 
a rigid body satisfy the equations — 

2 (X) = 0, 
2 (Y) = 0, 

2 (Yx - Xy) = 0, 

they must be in equilibrium. 

This most important result simply amounts to the 
following common-sense statement : " If a set of forces 
keep a body in equilibrium they can have no tendency 
to move the body in any direction, and hence the sum of 
their resolved parts in any chosen direction must vanish." 

" They can also have no tendency to turn the body about 
%ny point whatever, and so the sum of their moments 
about any chosen point must vanish." 



Example. 

5. Show that if the sum of the resolved parts of the forces in 
any two directions vanishes, then the sum of the resolved parts in 
any direction whatever must vanish. 

We see, therefore, that in order to be certain that the 
sum of the resolved parts in any direction whatever must 
vanish, it is only necessary to verify that the sum of the 
resolved parts in each of two chosen directions &os& nhcas&v. 
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The classical student will be reminded in connection 
with the words in italics of the difference between 
"quivis" and "quidam." 

IV. Let us next consider what inference can be drawn 
from the fact — 

" The sum of the moments about a certain point of 
a set of forces vanishes/' 

We at once infer that the set of forces is not reducible 
to a couple : for there is no point whatever in the plane 
about which the moment of a couple vanishes. We infer 
that the forces inay be in equilibrium ; or may have a 
resultant whose line of action goes through O. 

Next, let the further information be given that the 
sum of the moments of the forces about two points and 
O' each separately vanish. If the forces are not in 
equilibrium, the line of action of their resultant must 
pass through O and also through O'. 

If, then, finally we are given that the sum of the 
moments of the forces about three points O, O' and 0", 
which are not collinear, each separately vanish, the forces 
must be in equilibrium. 

Examples. 

6. Show that if the algebraic sum of the moments of the system 
of forces about each of three non-collinear points, A, B and C, in a 
plane vanishes, then the algebraic sum of the moments about any 
point whatever in the plane will vanish. 

7. State the conditions that must be satisfied by a number of 
forces in one plane which are in equilibrium. Would it be sufficient 

if the algebraic sum of the momenta ^l *XV ^^va \wwk*> %Swsafc two 
points in the plane -were zexol 



EXAMPLE 299 

As a general rule, we have not to deal with a set of 
known forces, and to find whether they are in equilibrium ; 
but, knowing that a body is in equilibrium under the action 
of certain forces, we desire to find what relations must 
hold between the forces. An example will illustrate 
this. 

The figure below shows a packing-case ABCD 2 feet 
cube, weighing 100 lbs., being lowered by a chain on to 
the floor. A man, by means of a rope attached at A, lifts 
the case so that the edge at D reaches the floor first. 




v ^\\\\^\W^\^\\^ 



Taking the dimensions and angles from the figure find 
the tension (T) in the chain, the tension (P) in the rope 
and the pressure (Y), which is assumed to be vertical of 
the case on the floor. 

The body in question and the forces acting on it are 
indicated in the figure. The next step is to write down 
the three statical equations. 
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Resolve horizontally — 

Tcos60°- Pcos55°=0 
Resolve vertically — 

Tsin60° + Y + Psin 55°- 100 = 

Take moments about the centre of the case — 
T. OCsin 50° + Y. OD sin 10° - P . OAsin 65° = 

No statical equations independent of these can be 
given. 

Collecting these equations — 

T cos60° - Pcos55° = . . . (1) 

T sin 60° + P sin 55° + Y = 100 . . . (2) 

Tsin 50°- P sin 65° + Ysin 10° = ... . (S) 

we notice that we have three equations to find three 
unknown quantities. 

It is important to notice that when the statical equations 
have once been written down the question becomes a 
question of algebra — that of finding some unknown 
quantities from a sufficient number of equations. 

Substituting the numerical values of the co-efficients, 
the equations become — 

0-5 T - 0*574 P = 0, 
0*866 T + 0-818 P + Y = 100, 
0-766 T - 0*906 P + 017 Y = 0, 

and solving these equations we find — 

T = 58*2 lbs.,P = 50-*\W* «%V&*. 



\ 
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Resolve horizontally — 

X - T cos 25° = (1) 
Resolve vertically — 

Y + Tsin 25°- 150 = (2) 

Take moments round A — 

4 Tsin65° - 50 X 2cos40° - 100 X 4 cos 40° = (3) 

Example. 

10. What advantage is there in choosing A as the point about 
which to take moments, rather than the point B, or the centre C 
of the rod? 

Equation (3) gives — 

4 T sin 65° = 500 cos 40°, 

rp 125 cos 40° 

or T = . ' 

sin 65 

= 105*7 lbs. = 106 lbs. nearly. 

Equation (1) now gives — 

X = T cos 25°, 

= 95-6 lbs. = 96 lbs. nearly, 

and equation (2) gives — 

Y = 150 - T sin 25°, 

= 150 — 44-5 = 105 lbs. nearly. 

Thus the reaction at A is the resultant of a horizontal 
force of 96 lbs. and a vertical force of 105 lbs. 

11. Find this resultant in magnitude and direction. 

[Notice that if only the tension of the string were required a single 
statical equation would give it.] 

The question may be asked, what are the advantages 
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and disadvantages of the graphical method as compared 
with the method of calculation ? 

The choice of method is a matter of judgment in any 
particular case, unless, indeed, an examiner has expressed 
a preference. 

We may mention a few of the merits and defects of the 
graphical method. 



Pro. 
(i) Any data are, gener- 
ally speaking, easy to deal 
with : so that troublesome 
calculations of the lengths 
of lines and the magnitudes 
of angles are avoided. 

(ii) The accuracy attain- 
able is, in most cases and 
with careful drawing, quite 
as great as the accuracy 
with which the data are 
known. 

(iii) In any practical pro- 
blem it will nearly always 
he necessary to make a 
drawing to scale of the ob- 
jects dealt with, as a guide 
to the constructor, and when 
this has been done it is 
Usually easy to draw the 
force diagram. 



Con. 
' (i) In certain cases it is 
not easy to get an accurate 
result graphically, as for 
instance when very small 
angles have to be dealt 
with, or when some of the 
magnitudes involved are 
large and others small. 

(ii) Any variation in the 
data generally renders it 
necessary to work out a 
fresh graphical solution, 
whereas calculation will 
always give a general 
formula, which may be 
easily worked out numeri- 
cally. 
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Errors in Data. — It might be thought that the method 
of calculation was greatly superior in accuracy. If the 
original data were known with very great accuracy, which 
practically never happens, this view would be correct 

The student might think that if his data are uncertain 
to the extent of 5 per cent, and his method to the extent 
of 1 per cent, that his final results would be 6 per cent, 
out They might possibly be so ; but the probability is 
that the error in the final results would not exceed 
^5*~+T* or ^^26 per cent, that is say 51 per cent 

The matters which require attention in dealing with 
the equilibrium of a body which is made up of two 
separate parts will be best indicated by an example. 




B 



Example. 

12. Consider the "roof" known as the Common Roof with 
unequal rafters. Let each rafter be uniformly loaded, supported by 
the vertical reactions of the two walls and held in position by a 
light tie rod AB (whose weight is put out of consideration) which 
exerts horizontal pulls on the rafters at A and B. Given the 
shape of the roof and the loads on the rafters, find the pressures 
on the walls, the tension of the tie rod, and the reaction between 
the rafters at C. 

The two rafters AC and BC form a body which is in 
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equilibrium under certain forces. The rafter AC by itself 
is in equilibrium and so is the rafter BC. 




I. 



>x 




II. 

The forces acting on AC are (Fig. I.) — 

(1) the load W vertically, 

(2) the vertical reaction P of the wall, 

(3) the horizontal pull T of the tie-rod, 

(4) the " action " S of the rafter BC on the rafter AC. 

As S is unknown in direction, we will replace it by its 
horizontal and vertical components as in the right-hand 
figure. 
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The forces acting on BC are in like manner indicated in* 
Fig. II. 

The "reaction " of AC on BC is equal to the "action" 
S of BC on AC, and acts in the same line, but in the 
opposite direction. Consequently S may be replaced by 
components X and Y of the same magnitude as in Fig. 
I, but acting in opposite directions. 

The forces acting on the roof as a whole consist of all 
the preceding forces. But the action S and the reaction 
S being equal and opposite and acting at the same point 
are in equilibrium by themselves, and will disappear 
from any equation of equilibrium for the roof as a 
whole which we choose to write down. 




In like manner T and T disappear, and therefore the 
forces shown in Fig. Ill opposite are in equilibrium. 

We will suppose the shape of the roof specified by the 
height h of the apex above the top of the walls and the 
angles of inclination a and /3 of the two rafters. 
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We can write down— 

3 equations for the equilibrium of AC . . Fig. I. 



» 



i> 



>y 



BC . . Fig. II. 



2 (for all the forces happen to be vertical) for the 
equilibrium of AC and BC Fig. III. 



Example. 

13. Write down the eight equations, 
independent ? 



How many of them are 



It is not however necessary to write down all the 
equations in order to find the unknown forces. 




Fig. I. Take moments about C- 



h 



PA cot a - W . ^ cot a - Th = O . . . (1) 



Fig. II. Take moments about C — 

Q7t cot p - W\ \ eot/3 - Th = O . . 



Fig. III. Resolve vertically — 



• (2) 



P + Q = W-VW <$,\ 
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Rewriting these equations after multiplying 1 and 2 by 
tan a and tan ft respectively, we have — 

P=^+Ttano, 

Q = ^ + T tan fi, 

P + Q = W + W ; 

whence, immediately — 

T = W + W 1 



2 ' tan a + tan /3 
Examples. 

14. Find the values of P, Q, X and Y. 

[No universal rule can be given for choosing the most suitable 
equations. A good general rule is to endeavour to pick out equa- 
tions, each of which will contain only one unknown quantity.] 

15. If AC = 15 feet, BC = 8 feet, AC = 17 feet, find h, a and jSby 
drawing and by calculation. 

16. If in Example 15 W = 15 cwts., W = 8 cwts., work out the 
value of T. 

Summary. — We will collect together the principal sug- 
gestions for the solution of problems which have been 
put forward in the preceding sections. 

(1) Specify carefully the body, or the portion of the 
body, whose equilibrium you are considering. 

(2) Specify the forces which act on the body, drawing 
a diagram showing the direction of each. If the body 
consists of two or more distinct portions or pieces, draw 
a separate diagram for each piece. It will generally be 
desirable to replace a force whose direction is unknown 
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action of B on A is one of the forces to be reckoned 
with. 

If we are considering the equilibrium of B, it is the 
action of A on B that is to be reckoned with — a mistake 
on this point is like reckoning my butcher's bill as part of 
my property. 

Again if we are considering the equilibrium of A and B 
together as a whole, the action of A on B and the action 
of B on A may both be counted if we like, though as they 
are equal and opposite they balance one another, and 
may just as well be omitted. 

Illustration. — A and B are partners and A has lent 
B £100. If A wishes to include the £100 as an asset, 
B must include it as a debt in reckoning up their 
joint possessions, and it will be simpler to leave it out 
altogether. A is right in treating the £100 as an 
asset if he is reckoning up his own private balance- 
sheet. 

Examples. 

17. A ladder 60 feet long, weighing 200 pounds, whose centre of 
gravity is 25 feet from its lower end, stands on a smooth floor, 
and leans against a smooth vertical wall. The ladder is inclined at 
70° to the horizontal and is kept from slipping by a rope tied to a 
point 5 feet from the end of the ladder and fastened to a point in the 
wall. The inclination of the rope to the horizontal is 15°. Find the 
tension of the rope. 

18. A pair of steps consists of two equal ladders each 5 feet long, 
and weighing 15 pounds, hinged together at the top. The step 
stand on a smooth horizontal floor and are kept from slipping by a 
horizontal cord 2 feet long, connecting points 1 foot from the lower 
end of each ladder. Find the tension of the cord, when a man 
weighing 200 pounds stands at the middle of one ladder. 
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When the beam makes an angle a with the horizontal, find the force 
of friction F and the normal reaction N. 

F 

Plot the numerical value of the ratio = taking a — 5, h = 3, for a 

series of values of a. Hence find the greatest possible inclination of 
the beam, if the coefficient of friction is f . 

29. The centre of gravity G of a disc of 2 feet radius, weighing 10 
pounds, is 6 inches from its centre O. The disc stands on a rough 
horizontal plane with OG horizontal, being kept in position by a 
horizontal force applied at the highest point. Find this force, and 
the force of friction. 

What is the coefficient of friction if the disc is on the point of 
slipping % 

30. In a balance the arms are 12 cms. long, the weight of the beam 
is 200 grs., and the weight of each scale-pan 65 grs. The C.G. of 
the beam is 2 mm. below the point of support. Each pan is hung 
so that the C.G. of the pan whether loaded or not is vertically 
below the point of support of the pan, and the points of support of 
the beam and pans are in a straight line. Find the angular 
deflection of the beam when the load in one pan is 50 grs., and in the 
other 50-1 grs. [Army] 

31. AB, CD are two equal uniform rods which can turn freely 
about the two points A and C respectively, the line AC being 
horizontal. To B and D are fastened the ends of a weightless string 
which passes through a ring R whose weight is half that of either of 
the rods AB, CD. Show that, if in the position of equilibrium AB 
and BR make angles and a and £ respectively with the vertical, then 
tan £ = 3 tan o. Find also the tension of the string. [Army.] 

32. A heavy uniform rod weighing 20 ozs., freely jointed at one 
end, is kept in a horizontal position, partly by a force of 18 ozs. at 
the other end whose direction makes an angle of 30° with the rod, 
partly by a vertical force at the centre. Find the vertical force. 
Also find the magnitude and direction of the strain on the hinge. 

33. AB and BC are two equal uniform beams freely hinged at B. 
Each beam weighs 70 lbs. and is 6 feet long. The ends A and C 
are freely hinged to two fixed points situated in the same horizontal 
line 10 feet apart. The system rests with ABC in a vertical plane. 
Find the magnitudes and directions of the reactions at A, B 
and C. 

34. Two bodies connected by a string passing over a smooth pulley 
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touch each other at one point ; show that the pressure between them 
cannot act horizontally unless their weights are equal. 

35. A uniform heavy rod AB can move freely about the extremity 
A, and has attached to the other extremity a string, which, passing 
over a smooth pulley vertically above A and at a distance from it 
equal in length to AB, sustains a body whose whole weight is \ 
that of the rod ; find the inclination of the rod to the vertical in the 
position of equilibrium. 

In some problems involving friction, slipping can take 
place in more than one way. 

If the forces tending to produce movement are applied 
very gradually we can determine by the rules of statics 
the mode in which motion will commence. If the 
forces are applied suddenly, quite other considerations 
require attention and the problem becomes a dynamical 
one. 

36. A thin uniform rod with one edge hinged to a table rests over 
a cylinder, radius r, which lies on the table, the rod being at right 
angles to the axis of the cylinder. A gradually increasing horizontal 
force is applied at the centre of the cylinder, perpendicular to its 
axis. Will the cylinder slip on the table and roll under the rod, or 
vice versd, supposing rod and cylinder equally rough 1 

The given dimensions and the forces acting are shown 
in the figure. Writing down the equations of equilibrium 
for the cylinder we have — 

Moments about centre F — F x = 0, 

Moments about hinge 

Pr + "W> cot I - N r cot 6 - + N x r cot ° = 0, 

Zl Lt Li 

or N = N x + W, + P tan 6 

Lk 
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Hence N is greater than N x , and therefore — 

F 0< F 1 

F F 

therefore x will reach its limiting value before ^ does 




so ; that is, the cylinder will roll on the table, and slip 
from under the rod. 

The case when rod and table are not equally rough may 
be left to the student, who should take some numerical 
instances. 



Examples. 

37. A rod AB, weighted so that its C.G. is not at its middle 
point, rests horizontally on a fixed support at one end, and on a 
cylindrical block at the other end, which block rests on a table. 
Suppose a very slowly increasing horizontal force to be applied to 
the centra of the block. "F\n& ^wYvs&xst ^^W^Vn*^ ^V\^ on the 
table or will roll on the table audi *\v& Iwxv xa&sst Vfefe v*^ «l ^ 
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43. A vertical iron rod 60 feet long tapers uniformly from diameter 
4 inches to diameter 2 inches, and carries a weight equal to its own 
weight at its lower end. Find the tensions at every 10 feet, and 

construct a graoh showing the relation between nsion __ 

area of cross section 

and distance from lower end. Which end should be uppermost ? 

We can sometimes find the stress in a particular bar of 
a frame very simply by considering the equilibrium of a 
part of the frame. This is especially useful if we only 
require the stress in this particular bar and do not wish to 
work out the complete graphical solution. 




A roof — sometimes called the " Belgian " roof — is shown 
with the forces in hundredweights acting on it in the figure. 
Required the tension in the bar oa. Imagine a line drawn, 
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say, a little to the left of the apex, and consider the 
equilibrium of the portion of the roof to the left of this 
line. 

The forces acting are : (1) The loads as shown in the 
figure; (2) the upward pressure of the left-hand support 
(assumed vertical), the magnitude of this pressure is 
21 cwts. ; (3) the action of the right-hand portion of the 
roof, this consists of the forces in the three bars, ab t be 
and ao. 

The student may ask why the force in some other bar, 
such as bd, is not included. If he will try to state in 
which direction the force in bd urges the portion of the 
roof shown in the lower figure as a whole, he will probably 
be able to answer the question for himself. Noticing that 
the lines of action of the forces in ah and be each pass 
through the apex, we see that we have only to take 
moments about the apex to find T. In fact— 

T x 15 + 6 x 5 + 6 x 10 + 6 x 15 - 21 x 20 = 0, 

T + 2 + 4 + 6 -28 = 0, 

T = 16 cwts. 

As T comes out positive its direction really is as indicated 
in the diagram and as assumed in the moment equation. 

Example. 

44. Is the bar oa a strut or a tie 1 

In the preceding examples we have applied the method 
of sections to finding the force in a single bar of a frame. 
If we can draw a section which does not cut more tVv&s^ 
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three bars, the forces in these three bars may be calculated 
by writing down the equations of equilibrium for the 
forces acting on the portion of the frame on one side of 
the section. 

Thus, in the Warren girder, shown in the upper 




<~Y 




->x 



diagram, consisting of equilateral triangles of side 2a, 
consider the portion to the left of a section through the 
three bars ab, be, cd. The forces acting on it (in tons) are 
shown in the figure, and we have 



Resolving vertically, 3 ■ 
whence 

Moments about A, 

3 x 3« — 2 x a 



2 - Z sin 60* 
2 



Z = 



x/3 



0, 

1'155 tons. 



X 2a sin 60 3 

7 



X = 



V3 



o, 

4-041 tons. 
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more than three non-concurrent fresh bars, or more than 
two concurrent fresh bars, the method fails. 



Examples. 

50. Examine the al>ove statements. 

51 . Why is it necessary that the three fresh bars should not be 
concurrent ? 

52. Examine whether it is possible to work out completely the 
Belgian roof by the method of sections. 

Indeterminateness. — The following problem draws our 
attention to a matter of the utmost practical importance. 

A uniform gate, measuring 10 by 3 feet and weighing 
150 lbs., is "hung" from a vertical gate-post by two rings 
fixed to the gate, which fit over two bent pins 2*5 feet 




apart in the post. The post and gate are shown separately 
in the diagram. Required, the reactions at the pins. 

Calling X x , X 2 and Y l9 Y 2 the horizontal and vertical 
components of the actions of the pins, the forces acting on 
the gate are shown in the figure. 
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Resolving horizontally — 

X 1 - x 2 = 0. 

Resolving vertically — 

Y x + Y 2 = 150. 
Taking moments about the lower pin — 

150 x 5 = X x x 25, 
or X x = X 2 = 300 lbs. 

Y x + Y 2 = 150 lbs. 

We cannot find the values of Y x and Y 2 separately. Y x 
and Y 2 are said to be indeterminate. 

It is not difficult to see why we cannot calculate Y x 
separately. Suppose the rings on the gate are ever so 
little too close together. Then the top ring will come 
right down on its pin, while the lower ring will be off the 
horizontal portion of the lower pin. Consequently if this 
were really the case we should have (supposing the pins 
smooth) — 

Y 1 = 150,Y 2 = 0, 

On the other hand, if the rings were a little too far 
^part, the lower one would press hard down on the pin, 
*-nd the upper one would not press vertically on the upper 
>in at all, so that in this case we should have — 

Yx = 0, Y 2 = 150. 

The problem as stated does not enable us to decide 
*ow the vertical pressure is distributed between the pins. 
•H any actual case the pressures on the pins are definite. 
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But opening the gate and shutting it again may alter 
them. 

From a practical point of view indeterminateness is bad. 
Consider the following cases — 

(1) Problem as stated above. We must make each pin 
capable of bearing a vertical thrust of 150 lbs. 

(2) Suppose the top pin turned round thus. Then 

putting friction out of the case, all the 
weight must be on the lower pin, and one 
need only make one pin strong enough 
to bear the vertical thrust of 150 lbs. 

In either case the pins must be capable 
of bearing a horizontal force of 300 lbs. 



Examples. 

53. Examine the effect on the reactions of 
diminishing the distance between the pins to 18 
inches, and altering the rings to correspond. 

54. Suppose three men carrying a uniform 
ladder, one at the middle and one at each end. 
Show that the distribution of weight among the 
three is indeterminate, and account for this result 
on common-sense grounds. 

55. A beam loaded with any weights rests on supports at A and 
B in the same horizontal line. Prove that the vertical reactions at 
A and B are determinate, but the horizontal reactions indeterminate. 
For this reason when a roof or girder rests on two supports one end 
is generally placed on rollers, so as to ensure that there can be no 
horizontal reactions, and to allow room for any expansion or contrac- 
tion due to changes of temperature (see p. 270). 

56. A heavy rod can turn about an axis which is inclined at 10° 
to the vertical, and turns on hinges 4 inches apart. The rod is 30 
inches long and weighs 5 lbs» CaYrotate Wi* ^^0vw&& ^tk hinges 
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&8 completely as possible. 
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Work. — The principle of work often enables us to deal 
easily with a statical problem which would be somewhat 
difficult if treated otherwise. 

An example is furnished by a mechanism known as 




Roberval's balance, because it was invented by Gilles 
Personne de Roberval, 1 which is the foundation of most 
common weighing machines — such as are used for 
ordinary household purposes. 

Two equal levers BHD, CKE, can turn about their 
centres H, K, which are fixed. Pieces ABC, FDE, are 
hinged to the levers at BC and DE respectively — 

and BC = HK = DE. 

Notice that BC and DE are always vertical whatever 
may be the inclination of the levers BD and CE. 

Example. 

57. If F is pushed down 1 inch how far will A rise ? 



1 Born at Roberval in 1602, published a treatise on mechanics in 
1636, died at Paris in 1675. The story is related of him, which 
has since been told of many mathematicians, that his only comment, 
on hearing a tragedy read was, " What does it prove ? " 
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Suppose a weight P placed at any point F on one 
platform, balances a weight W at any point A on the 
other platform, P descending a distance a can do an 
amount Pa of work. 

Work necessary to raise W through a distance a = Wa. 

But since the weights balance, then if we neglect all 

sources of loss of work, the very smallest possible excess 

of effort will move the balance. Hence, in the ideal 

case — 

Pa = Wa, 

.-. P = W, 

or equal weights will balance on a Roberval's balance, at 
whatever point on the platforms they may be placed. 
This appears at first sight paradoxical. To explain the 
paradox, note that if we release the" point K, equilibrium 
will be destroyed. 

Example. 

58. Find the horizontal pressure of the pin K if equal weights of 
10 lbs. are placed on the balance, one 2 inches further from HK 
than the other, and if HK = 4 inches. 

Bough Screw. — As a second illustration we will find the 
thrust which can be exerted by a rough screw working in 
a fixed nut — when a force P is applied to the screw hy 
a handle of length L 

In a rough screw the efficiency depends on the coefficient 
of friction, and on the shape of the screw thread. 

Suppose the thread rectangular, that is, let it he 
traced out by a small rectangle moving round a cylinder, 
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and at the same time advancing parallel to the axis. A 
look at a rectangular screw thread will be the best means 
of forming a clear notion of its shape. 



Considering any small portion of the surface of contact 
between the screw and the nut, let there be a normal 
reaction N, and a force of friction ^iN. N makes an 
angle o, with the axis of the screw, and /aN an angle 
90 - a. These angles are the same for all the series of 
forces such as N and /iN, and bence, resolving vertically 
for the forces acting on the screw — 
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- X + (2 N) cos a - ii sin a2N = 0, 

or 2N= — . , 

cos a — fi bid a 

X cos A 

cos (a + A) 
if ft = tan A. 

Now the work done by P in one revolution is 2^/P, 

and this is expended in exerting a thrust X through 

a distance j) = 2*r tan a, and in pushing a distance 

2-rrr sec a (see figure) against the forces of friction. 
That is, dividing by 2ir — 

VI = Xr tan a + /a(2 N) . r sec a, 



or 



P< = Xr ton 41 + ^.-^1, 

L sin a X J 

X. fi 1 tan ^ cos A "] 
r tan a 1 + — , 

L sin a cos a -4- A J 



= Xr tan a 1 + -- — — ^ . 

L sin a cos a -4- A I 



tan A cos A 

cos a + A 
sin A 
sin a cos a + A 
This can bo further simplified by writing — 

sin A = sin (a + A — a) = sin a + A cos a — cos a + A sin a. 
We thus obtain — 

Til v , sin a + A cos a 

r/ = Xr tan a.- J_ ^_ , 

sin a cos a + A 
and the efficiency is therefore 

X?* tan a __ tan a 
" W tan~(a+"A)" 

Notice that we have assumed that the distance from 
the axis at which the forces of friction act is r. 

Example. 

59. Find the condition that a pressure W applied parallel to the 
axis of a rough rectangular screw may fail to move it. 



CHAPTER XI 



FORCES IN SPACE 

In this chapter we shall consider some cases in which 
the forces acting in a body are not all in one plane. 

Sheers. — In some cases the system of forces is very 
readily reduced to a set of coplanar forces. An instance 
of this is furnished by the sheers, a contrivance used for 
raising and moving heavy weights. 







B 
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AC, BC are two equal stout straight rafters or beams 
called the legs of the sheers. The feet A, B are secured 
to the ground, but loosely so that, though t\\<^j g&.\i\iq\> ^v^> 
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yet the legs can turn about the line AB. AC, BC are 
lashed together at C. A hook from C carries the load. 
A backstay, or rope CD, in the vertical plane bisecting 
AB at right angles is carried from C. By hauling in or 
letting out this rope the weight can be shifted backwards 
or forwards. 

Large sheers were used in the old days for putting the 
masts into a ship, and they are still used for similar 
purposes, c. g. for putting the funnel into a steamer. 

The forces acting at C are — (1) the load W; (2) the 
thrust of the legs, each, by symmetry, R, acting along 
AC and BC ; (3) the tension T of the backstay. It is 
evident that these forces are not coplanar. 

We can in the present case evade this difficulty by 
noticing that the resultant, say S, of the two thrusts R and 
R acts, by symmetry, along the bisector of the angle ACB, 
and that the forces S, T and W are in one plane. 



Examples. 

1. Given AB = 15 feet, AC = BC = 30 feet, CD = 50 feet, distance 
of D behind the line AB = 33 feet, W = 4 tons ; find R and T. 

[The steps in the work will be as follows — (1) Draw the triangle 
ABC in its true shape. Bisect AB in M, measure CM. Check your 
result by calculating CM. (2) Draw the triangle DMC in its true 
shape. (3) The forces acting at C in the plane DMC are: W 
vertical, T along CD, S along CM. Draw a triangle of forces, and 
determine T and S. (4) Returning to the triangle ABC, S acting 
along CM is the resultant of R along CA and R along CB. FindR, 
using the value determined in (3) for S.] 

2. In the preceding example find the " overhang," i. e. find how 
much the foot of the perpendicular from C on the ground is in front of 
AB. 
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3. How much rope must be paid out to increase the overhang by 
3 feet, and what will be then the tension in the backstay % 

4. The legs of a pair of sheers are each 40 feet long, and the 
backstay 55 feet long. The feet of the legs are 18 feet apart and the 
foot of the backstay 25 feet behind the line joining the feet of the 
sheers legs. Find the tension in the backstay and the thrusts in the 
legs under a load of 10 tons. 

5. Find in the previous example the angle which the plane of the 
sheers legs makes with the horizontal, and the angles the sheers legs 
make with the horizontal. 

6. The backstay in the sheers described in Example 4 cannot 
safely bear a tension exceeding 13 tons. Find the limit to the length 
of the backstay. 

7. Length of legs, 15 feet ; distance between feet, 16 feet ; length 
of backstay, 25 feet ; distance of foot of backstay behind the line 
joining the feet of the legs, 19 feet. How much must the foot of the 
backstay be shifted forward to move the load 3 feet forward, and 
how much will this movement lower the weight % 

8. A derrick is shown in the figure with its dimensions. Find 




the stresses in the various bars, supposed CD can turn freely about 
the lower end D, and that the plane CDE bisects AB. Examine the 
general effect of building CD firmly into the gtowvuL &£> -= <6 \rrX. 
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If in the derrick shown above the plane CDE cuts 
the line AB in any point F, we can find the stresses in the 
various bars by noticing that the resultant, say R, of the 
stresses in the backstays AC and BC must act along the 
line CF. To prove this, consider the forces acting on the 
joint C. The resultant R' of the stresses in CE and CD 
lies in the plane CDE. The resultant R of the stresses in 
CA and CB lies in the plane CAB. Now R and R' must 
be equal and opposite, and consequently must act in the 
same line, which can only be the line CF common to the 
planes CDE and CAB. 

Examples. 

9. Find the stresses in the bars of Example 8 if AF = 2 feet, 
BF = 4 feet. 

10. A wheel whose rim is semi-circular runs in a smooth horizontal 
V-shaped groove. If the load on the wheel is 50 lbs., find the 
reactions of the groove if the sides are each inclined at (1) 60°, 
(2) 40°, to the horizontal. 

11. A small V-shaped trough has its sides equally inclined and 
its edges inclined at 20° to the horizontal. A marble is placed 
in the trough resting against the sides and against one end. Find 
the pressure on the sides and end if the marble weighs 1 ounce 
and the angle of the V is 35°. 

12. Two marbles, radii \ inch and 1 inch, are placed in the 
trough of Example 11, the smaller one resting against the end. 
Find the pressure between the two, supposing their weights to be 
\ and 2 ozs. respectively. 

13. A vertical post carries two wires, tension 100 lbs., leaving it 
horizontally at 40 feet from the ground, and making 145° with one 
another. To what tension should a stay be brought, in order that 
there may be no lateral force on the post, supposing the stay fastened 
at the same height as the wires, and to be 55 feet long % 

14. A uniform rectangular platform ABCD is to be slung in a 
horizontal position by vertical ropes attached to A and B, and by a 
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third rope. Find the direction of this third rope and its point of 
attachment if its tension is to he double that of the others. 

15. Three equal rods OA, OB, OC, each 8 feet long, are tied together 
it O from which 2 cwts. are suspended. The feet A, B, C of the 
rods form a horizontal equilateral triangle, side 5 feet. Find the 
bhrust in each rod. 

16. Telegraph poles 60 yards apart are spaced along a curve of 
400 yards radius, a wire is stretched in an approximately horizontal 
line from pole to pole, the tension being 1200 lbs. Calculate the 
tiorizontal pull on each post, and if each pole is relieved of this pull 
by a wire stay inclined at 30° to the vertical find the tension in 
bhe stay. 

17. Two men pull at a tree which has been partly sawn through, 
using ropes each 30 feet long attached to a point in the trunk 10 feet 
from the ground. The men are 24 feet apart and pull with a force 
}f 80 lbs. each. Find the resultant force on the tree. 



Three Concurrent Forces. — The proposition of page 87 
may readily be extended to forces in three dimensions. 

Thus let OA, OB, OC, be three lines along which 
forces P, Q and R act represented by I . OA, m . OB and 
n . OC respectively where /, m, n are numbers. 

Divide BC in H so that — 

m . BH = n . CH. 

By the proposition referred to, the resultant of Q and R 
is a force represented by (wi + ti)OH and acting along 
OH. 

Applying the proposition once more, and dividing AH 
in G so that 

I . AG = (m + n)GH, 

bhe resultant of P, Q and R is a force represented by 
[I + m + n)OG and acting along OG. 
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Examples. 

18. Show that if a weight W is supported by three §pars AO, 
BO, CO, and if the vertical through meets the plane of ABC in 
G, AG produced meets BC in H, then the thrust in the bar OA 
. HG.OA 

18 AH.OG W ' 

[As has already been observed in the case in which the forces are 
copianar, this formula has the advantage of involving only lengths 
which can be measured from the object itself.] 

19. A weight of 300 lbs. is supported by three bars OA, OB, 
OC, whose feet rest in an inclined plane. OA = 10*5 feet, OB = 7*9 
feet, OC = 9*1 feet. The vertical through O meets the plane in 
G and it is found that OG = 8-5 feet, AG = 35 feet, B G = 39 
feet, AB = 67 feet, BC = 7 '35 feet, CA = 11 35 feet. Apply the 
method of the preceding example to find the stresses in the 
three bars. 



Experiment 1. 

Support a weight by three strings, not all in one 
plane, passing over pulleys and counterpoised by pieces 
of lead. Take the necessary measurements and apply 
the preceding formulae to find the tensions in the strings. 
Weigh the pieces of lead and compare with the results of 
your calculations. 

General Propositions.— As soon as it is realised that a 
force is a " vector " quantity which can be adequately 
represented by a straight line, it is evident that many of 
the propositions which have been stated of forces in one 
plane may be at once extended to forces in space. For 
instance — 

(1) The resultant of three forces P, Q, T acting at a 
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point is represented by the diagonal of the parallelopiped 
whose three adjacent edges represent the forces. For the 
diagonal OE represents the resultant of T and S — S, the 
force represented by OD or CE, being itself the resultant 
of P and Q. 

(2) A force acting at a given point may be resolved into 
components in any three given lines through that point 
(not all in one plane), and there is only one way of doing 
this. For there is only one parallelopiped with a given 




diagonal OD and its adjacent edges along given lines 
OA, OB and OC. 



Examples. 

20. A vertical plane makes an angle 6 with a vertical plane 
running E. and W. In the first plane a force R acts, at an angle /8 
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to the vertical. Find the components of the force i 
directions, (1) E. and W., (2) N. and S., (3) vertical. 



[Calling these X, Y, Z, we obtain — 

Z = E cos ft 

X = R sin cos t, 

Y=R s inflsinft] 

21. A kite drags a boat along. The tension of the string is 25 lbs. 
The string is inclined at 25" to the horizontal and the vertical plane 
containing it makes an angle of 17° with the direction of the boat. 
Find the components tending to pull the boat along, to give it 
leeway, and to lift it bodily up. 

22. Draw the face OCEF (Fig. p. 333) and let its diagonals meet 
in M. Show that— 

CE 2 + EB 5 = 2CM 2 4- 2EM 2 (1) 

and OE* + EF> = 20JP + 2EM* (S) 

Show by subtraction that— 

OE 2 + EF a - CE 2 - EB Z = 2(OM s - CM 2 ), 
= 1(EC' - OF 2 ). 

23. If the forces are P, Q, T, and ^AOB = b, iBOC=ft 
i-UOA = y, show, by the preceding example, that — 

R a = P* + Q s + T* + 2PQ cos a + 2QTcos/) + 2PTco3 7 . 
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24. If P = 10 lbs., Q = 12 lbs., T = 14 lba. and a = p = 7 m 100°, 
flndR. 

25. Three forces, P, Q, T, act along three lines OA, OB, OC. Find 
tlie forces acting along the bisectors of the angles AOB, BOC, COA 
which have the same resultant. 

[Hint : Let P = X + Y, Q = Y + Z, T = Z + X.] 

Couples in Space. — Graphical represents tion of a couple. 
The characteristic features of a couple are — 

(i) Its moment 

(it) The " orientation " of its plane, that is, the direc- 
tion of its plane. 

(iii) The sense in which it tends to produce rotation. 

A straight line can represent, upon any given scale, 
the moment of the couple or the " torque " due to the 
couple. 

If the straight line is drawn perpendicular to the plane 
of the couple it indicates the 
" orientation " or direction of 
the plane. Thus a vertical line 
would represent a couple in a 
horizontal plane. A horizontal 
line due S would represent a 
couple in a vertical plane run- 
ning E and W, 

Suppose the " sense " of the couple to appear counter- 
clockwise in its plane when viewed by an observer. Let 
us adopt the convention that the line representing the 
couple shall be drawn from the plane towards the observer 
in this case, and away from the observer if the sense of 
the couple appears clockwise. 



336 



COUPLES IN SPACE 



On this convention a line can be drawn to represent 
the couple in magnitude, sense and orientation. 

Example. 

26. Show that on whichever side of the plane the observer stands 
lie will obtain the same representation of the couple by the above 
method. Verify by drawing parallel lines to represent the forces of 
the couple on a piece of glass. 

Composition of Two Couples whose Planes are not Parallel, 
by Geometric Addition. — Let the moments of the couples 




be M x and M 2 . Let the planes intersect in the line AB. 
The couple M^ may be furnished by a force of 1 lh. 
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acting along AB, and an equal force in a line parallel to 
AB at a distance BC = M x from it (see p. 120). 

In like manner the second couple may be furnished by 
a force of 1 lb. along BA, and an equal force in a line 
parallel to BA at a distance BD = M 2 . The figure is 
drawn for the case in which one plane is horizontal and 
in which both couples appear to turn counter-clockwise 
to an observer looking down from above the planes. 
Evidently the resultant is a couple whose moment is CD. 

The first couple is represented by a line, say AE, of 
length M x drawn at right angles to the first plane. The 
second couple is in like manner represented by a line AF, 
of length M 2 , drawn at right angles to the second plane. 

In the figure the angles ABC, ABD are right angles, 
and hence the planes DBC, AFE are parallel. 

The resultant couple is represented by the diagonal 

AG of the parallelogram whose adjacent sides are AE and 

AF, for the triangles BCD and AEG are congruent, 

having — 

AE = BC, 

EG = BD, 

and l GEA = 180° - l E AF = l CBD, 

and consequently AG is equal to CD, and is perpendicular 
to the plane of the resultant couple, that is, AG represents 
the resultant couple in magnitude, sense and orientation. 

Example. 

27. Draw the figure, and verify the conclusion, for the case when 
one of the couples, say Mj, is clockwise and the other counter- 
clockwise to an observer looking down from above. [Notice that 
a section by a plane at right angles to AB gives all that is necessary ."[ 
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Having now shown that couples are vector quantities 
which are compounded by the parallelogram law, it is 
evident that several propositions relating to couples may 
e at once inferred. 

Thus (1) a couple represented by OE may be replaced 
by three couples represented by the adjacent edges OA, 
OB, OC of a parallelopiped with OE as a diagonal. 

Examples. 

28. The straight line representing a couple is often termed its 
axis. If the axis of a couple of moment G is inclined at an angle 3 
to the vertical and is in a vertical plane, making with the E. and 
W. plane, find the component couples whose axes are E. and \V., 
N. and S., and vertical. 

(2) Couples represented by their axes may be resolved 
into components in any three directions at right angles. 

(3) A couple has no tendency to turn a body about a 
line at right angles to the axis of the couple. Hence 
the tendency of a couple to rotate a body about a line is 
measured by the resolved part of the axis of the couple 
along that line. 

29. A body is free to turn about a line in the plane XOY, making 
an angle o with the E. and W. line. If the couple specified in the 
preceding question acts on the body, what is the couple tending to 
revolve the body about the axis ? 

30. A body can turn about a line through inclined at angles 
o, £, 7 to OX, OY, OZ respectively. A couple G acts on the body 
whose axis makes angles A., ^ v with OX, OY, OZ respectively. 
What >jis the component couple tending to cause the body to 
revolve about the line? 

[G(C0S a COS A. + COS /8 COS fi + cos x cos v).] 

Eeduction of Forces in Space. — Proposition. — A force 
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acting at any point in space on a rigid body may be 
replaced by an equal force at any other point and a 
certain couple. 

Let the force act at the point P whose co-ordinates 
are x, y, z. Replace it by its three components X, Y, Z 




parallel to Ox, Oy, Oz. Introduce at the origin six 
forces — two each X, acting in opposite directions along 
Ox, and similarly for Y and Z. These are in equilibrium 
of themselves. 

The force X at P, and one of the forces X at form 
a couple, whose moment about the axis Oz is Xy in a 
clockwise direction. According to our convention, we 
shall consider this as a negative moment, — Xy. The 
moment of the Y couple about Oz is + Yx, and the 
moment of the Z couple about Oz is 0. Thus the total 
moment about Oz is Yx — Xy. 

Similar expressions can be written down for the 
moments about Ox and Oy. Hence the original force is 
equivalent to three forces X, Y, Z acting at 0, and \>Vr£& 



340 FORCES IN SPACE 

couples, say L, M, N, whose axes are along Ox, Oy, Oz, 

where — 

L = Zy - Y*, 

M = X* - Z.c, 

N = Yx-Xy. 

The resultant of the three couples L, M, N is a single 
couple, which must be identical with the couple consisting 
of the original force, P, and an equal and opposite force at 
the origin. 

Conditions of Equilibrium of any Number of Forces- 
Replacing each force by its components X, Y, Z at the 
origin, together with the component couples L, M, N, the 
whole set of forces is equivalent to 

(1) a component force, 2 (X) along Ox, 

(2) „ „ S(Y) „ Oy, 

(3) „ „ S(Z) „ Oz, 

together with 

(4) a component couple, 2 (Zy — Yz), axis along Ox, 

(5) „ „ 2 (X* - 2x\ „ Oy, 

(6) ,, „ 2(Ytf-Xy), „ 0& 

For equilibrium we must have no resultant force, and 
no resultant couple — 

.'. 2(X) = 0, 

2 (Y) = 0, 

2(Z) = 0, 

2(Zy-Y*) = 0, 

2 (Xz - Zx) = 0, 

2(Y*;-Xy) = 0. 
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In nearly all cases in practice it will be best to choose 
three rectangular axes, and replace each force by its com- 
ponents parallel to these axes. The equations of equilib- 
rium may thus be readily written down. 

Example. 

31. A horizontal rectangular trap-door ABCD, weight 20 lbs., can 
turn about hinges at A and D, and is kept in position by a chain 
attached to B fastened to a point vertically over A, and inclined at 
45° to the horizontal. Find the tension of the chain and the reactions 
at the hinges, if AB = 18 inches, AD = 24 inches. 

Take A as origin, axes AB, AD, and vertically 




upwards. Replace T by T sin 45° vertical, T cos 45° 
along BA. 



342 



EXAMPLES 



Let X lf Y lf Z x and X^ Y 2 , Z 2 be the components of the 
reactions at the hinges. Writing down our six equations, 
we obtain — 



X, + X 2 -Tcos45° = 0, . . 


■ (1) 


Y, + T,= 0, . . . 


(2) 


Zj + Z 2 + T sin 45° - 20 = 0, . . . 


• (3) 


Z 2 x 24 - 20 X 12 = 0, 


• (*) 


20 x 9 - T sin 45° x 18 = 0, . . . 


(5) 


X 2 x 24 = 0, . . 


. (6) 



and from these equations we see that — 



(6) X 2 = 

(4) Z 2 = 

(5) T cos 45° = 
(1) X : = 
(3) Z x = 



0, 
10, 

10, whence T = 14-1 lbs. 
10, 

0. 



We cannot find the separate values of Y : and Y 2 , and to 
this extent the problem is indeterminate. If the door has 
a little " play " in the hinges, and the hinges are smooth 
and well-oiled, Y : = Y 2 = 0. 



Examples. 

32. If in the preceding examples the hinges were 6 inches from 
A and D respectively, find the tension in the chain and the reactions 
at the hinges. 

33. A bracket is supported by two nails, A, B, and its lower end 
rests against the wall at C. AB is horizontal = 10 inches, AC = 
BC = 12 inches. A weight of 20 lbs. rests on the bracket 8 inches 
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from the wall, and 1 inch from A measured parallel to AB. Find 
the reactions at A, B and C. 

34. A windlass is worked by two handles as shown in the 
figure. 




W777777. 



% m 




JC 



rtf 




'/, 




Take the origin at the middle of the barrel Ox along 
the axle, Oz vertical, Oy horizontal and at right angles 
to Ox. 



Let r be the radius of the barrel, and 2c its length, 
I the length of each handle, 
a the radius of each handle arm, 
the weight act midway as shown, 
X 1? Y x , Z Y and X 2 , Y 2 , Z 2 be the components of the 

reactions at the supports of the axle, 
equal forces each P be applied tangential ly at the 

ends of the handles, 
the weight of the barrel and handles be neglected. 
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The system of forces is shown below. Writing down 
the six equations, we have — 




X 1 + X 2 

Y : + Y 2 + P COS a — P COS a 

Z 1 + Z 2 + P sin a - P sin a - W 

2Pa - Wr 

2P sin a (7 + c) + (Z 2 - Z : )c 
2P cos a (I + r) + (Y x - Y 2 > 

From these equations we see that 



o, 
o, 
o, 
o, 
o, 

0. 



Y 2 = — Yx = P cos a . * 



I + c 



c 



z. + z 2 = w, 

Z, - Z., = 2P sin a . 



l + c 



c 



whence 



Z, = — + r sin a . — : — , 
2 c 

y W p • 7 + C 

Z.> = ^-- — r sin a . — ' - , 

2 c ' 

We cannot find the separate values of X x and X,,. 
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The example illustrates a case of want of balance in a 
mechanism. It will be seen that as a goes through the 
series of values from 0° to 360°, Z v for instance, varies in 

magnitude from - + r — — as a maximum to r 

° 2 c 2 c 

as a minimum and Y 1} Y 2 and Z 2 go through similar 
periodic changes. The result is to set up a wrenching 
action at the supports, tending to loosen these and to 
make the machine rock in its bearings. 

Examples. 

35. In an engineer's yard a horizontal rectangular frame, 50 feet 
long and 28 feet wide, is borne by four pillars at the corners. A 
travelling girder, parallel to the short sides, rests on the long sides, 
and carries a lifting apparatus. When this apparatus lifts 10 tons, 
being then 12 feet from one end of the travelling girder, which is 
18 feet from one end of the frame, find in hundredweights the 
additional forces at the ends of the girder, and how these are 
distributed among the pillars. 

36. A smith's vice stands on three legs whose feet are at the 
corners of an equilateral triangle whose side is 18 inches. A bolt is 
held horizontally in the vice parallel to one of the sides of the 
triangle. A couple of moment 100 lbs. -feet is applied to endeavour 
to turn a nut which has rusted home on the bolt. Find the reactions 
at the ground, supposing the total weight to be 250 lbs. 

37. In the preceding question what couple applied to the bolt 
would just begin to upset the vice 1 [Notice that there are two 
possible answers depending on the "sense" of the couple.] 

38. If in Example 36 instead of a couple a single horizontal force 
of 1001b?. is applied to the nut by a vertical spanner 1 foot long, 
find the vertical reactions at the ground, assuming the C.G. 
vertically over the centre of the base. [Notice that there are 
four possible cases, according as the spanner is above or below the 
nut, and the force acts to the right or left.] Height of nut 3 feet. 

Magnetic Needle. — Some additional illustrations are. 
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The effect of the earth's 



furnished by a magnetic needle. 

magnetism on such a needle 
may be represented by two 
equal and opposite forces 
supposed to act at the N. 
and S. seeking poles of the 
magnet acting towaitf the 
jN . and S. and at an inclina- 
tion i to the horizoDlal. 
When the needle is in the 
isgnetic meridian and dipping at an inclination i, the lines 




of action of these forces corasvle, «&4 tWce is equilibrium. 
In any other position i\iey corafitart* *. ooa^». 
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Let AOA' [A' is not shown in the figure] represent the 
magnet, 
A and A' the S. and N. seeking poles, 
ZAOM the vertical plane containing the magnet, 
and SO the magnetic N. and S. line. 
Let l AOM = <f>, 

SOM = a. 
The magnetic forces acting at A A' have components — 

A A' 

X = 

Y = — P cos i P cos i 

Z = P sin i — P sin i 

The co-ordinates of A and A' are, if AA' = 2a — 

A A' 

x — a cos $ sin a a cos $ sin a 

y — a cos <\> cos a a cos <j> cos a 

z a sin <f> —a sin </> 

Hence the magnetic couple has the three components — 

L = 2 (Zy — Yz) = — 2aP[sin i cos </> cos a — cos i sin </>], 
M = S (X2 — Z#) = 2aP[sin i cos $ sin a], 
N = S (Y# — Xy) = 2aP[cos i cos <f> sin a]. 

Suppose the magnetic needle perfectly free to turn 

about OZ, and that a couple G, axis along OZ, is applied 

to turn it. There will be equilibrium when G — N = 0, 

i. e. when 

G = 2aV cos i cos </> sin a, 

30 that G is proportional to the sine of the horizontal 
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angle through which the needle is deflected out of the 
magnetic N.S. line. 

Next, suppose the needle free to turn about a horizontal 




axis, making an angle 90° — a with Oy, as shown. The 
couple tending to turn the needle about this axis is — 

M sin a — L cos a, 

since couples may be resolved in the same way as forces. 
This couple is — 

2«P[sin i cos </> sin 2 a + sin i cos <f> cos 2 a — cos i sin </> cos a] 

= 2f(P[sin i cos </> — cos i sin </> cos a]. 

This couple vanishes when — 



that is — 



sin i cos <\j = cos % sin </> cos a, 
tan <p =tan i sec a, 



and this equation gives the inclination to the horizontal <f> 
at which a magnetic needle will set itself if it is free to 
turn about a horizontal axis inclined at an angle 90° — a to 
the magnetic north. 
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Examples. 

39. A circular disc of radius a and weight W rests in a horizontal 

position suspended by three vertical threads of length I attached to 

points on its rim at the vertices of an equilateral triangle. Prove 

that to hold the disc horizontal and twisted through an angle a 

"W ct^sin 6 
horizontal couple of moment — is requisite. 



k/1 2 - 4a 2 sin 2 



e 

2 



40. AC is a line of greatest slope in a plane, inclination i. AB is 
a smooth fixed rod lying in the plane and making an angle a with 
AC. Show that a body placed on the plane and resting against the 
rod will slip unless /* > tan i cos o. Assume that the pressure of the 
rod on the body acts in the inclined plane. [Hint: Reduce the 
forces to (1) a set acting in the plane, and (2) a set acting at right 
angles to the plane. Each set must be in equilibrium.] 

Graphical Treatment of Forces in Space. — We shall con- 
sider cases in which the artifice of reducing the forces 
in action to a system of 
coplanar forces is not 
readily applicable. We 
commence by considering 
how the object is to be 
represented. 

Plan and Elevation. — A 

freehand or perspective 
sketch, though conveying 
a clear idea of the object 
(see figure), is of no use 
for taking measurements 
of lengths. 

A plan and elevation, though less pictorial to the un- 
trained eye, represent many lines of the object ycl^J&rs 
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true proportions, and furnish a means of constructing the 
length of any line in the object. 

In this system a point in space is represented by the 
feet of the perpendiculars drawn from it to two perpen- 
dicular planes — usually horizontal and vertical planes 
(abbreviated to H.P. and V.P.). 

In drawing, the vertical plane is supposed to have been 
revolved through 90° so as to lie in the horizontal plane. 



cv 



X 



f 



cu 



Thus the figure shows on a certain scale the plan, a, and 
elevation, a\ of a point 4 feet from one wall and 3 feet 
from the floor of a room. 

A point may be indicated by its plan and elevation. 

A straight line by its plan and elevation, that is, its 
projections on the planes of reference; or by its traces, 
the points in which it cuts the horizontal and vertical 
planes. 
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A plane by its traces, the straight lines in which it 
cuts the horizontal and vertical planes. 




In the figure, H 1 Y 1 are the traces of a line, H 2 V 2 are 
the traces of another line. 

OVjVg, OHjH^ are the traces of the plane which 
contains the two lines. 

AHj is the plan and CV X is the elevation of the first 
line. 

It is customary to use capital letters to denote points 
and lines, which are actually in the planes of reference, 
and to use small letters for the plan, and the same letters 
accented for the elevation, of other points. 

Forces in Plan and Elevation. — Given the plan and 
elevation of a line and the projection in the elevation of 
a force acting in the line, to find the projection in ^Uixl. 
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In the figure, H V are the traces of the line, AH its 
plan, CV its elevation. 



j'i. 



I 




If a'l/ represents the projection of the force in elevation, 
ab will represent the projection in plan. For consider the 
parallelopiped OABD. The lines OA, OB represent the 
projections in the V.P. and H.P. of a force represented 
by OD. 

Notice that the force cannot be replaced by the two 
projections T«& and T a > b >. The force is equivalent to 
T tt7/ and a horizontal force represented by 00, for OD 
represents the resultant of OA and OC. 

Examples. 

41. Show that the force is eqxxWataak to T,a> wcA. *. <&\\&yel vertical 
force. What line i™ ^^ ^evation Te\>Tft^xA»>X^N^^^^!5K&\ 
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the resolved parts of the forces along the axes Ox, Oy, Oz 
must vanish. 

As the directions of all the forces are known, if the 
magnitudes of all but three are also known, the only 
unknown quantities in our equations will be these three 
unknown magnitudes; and three equations in general just 
suffice to determine three unknown quantities. 

Graphically, we construct the resultant of the pro- 
jections of all the known forces, in plan and in elevation. 
This reduces the system of forces in each plane to four, 
acting in known lines. We then construct the line of 
intersection of two planes, each plane containing two of 
the four forces. 

We then construct a quadrilateral of forces in plan and 
elevation. 

One method of proceeding, when the lines of action are 
given in plan and elevation, is indicated by the following 
example — 

Example. 

43. A three-legged tripod, shown in plan and elevation opposite, 
carries a load of 100 lbs. at its apex. Determine graphically the 
stresses on the three legs of the tripod. 

In the diagram Hj H 2 , H 8 are the feet of the tripod 
legs, a is the plan, and a' the elevation of the apex. 
The four forces acting at the apex are the load W of 
100 lbs. and the three stresses T v T 2 , T 3 exerted by the three 
legs. The resultant of W and T l must act in the same 
line as the resultant of T 2 and T 3 . But the resultant of 
T 2 and T 3 acts in the plane of the legs 2 and 3, and the 
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resultant of W and T x in the plane containing the vertical 
through a' and the leg 1. 

Our first step is to find the line of intersection of these 
two planes. Now the horizontal trace of the plane through 




2 and 3 is H 2 H 8 . The horizontal trace of the plane 
containing W and T x is dH v 

Hence if H 2 H 8 and aH x intersect in H then H is the 
horizontal trace of the line of intersection of these two 
planes. The elevation of this line of intersection goes 
through H', the elevation of H, and through a'. 
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We have now sufficient data to construct a force poly- 
gon whose sides represent the projections in the vertical 
plane of the original forces, for the resultant of the 
projections of W^ and T x acts in the line whose elevation is 
11V. 

Commencing with the elevation, draw a vertical line a'f¥ 
to represent 100 lbs. Draw lines fi'y,ay parallel to 1' 
and to HV. Draw yh' parallel to 3' and b'a parallel to 2'. 
afl'yb' is the force polygon for the projections in elevation 
of the forces. 

To construct the polygon, which in this case degenerates 
into a triangle, for the projections in plan we have only to 
determine points a/3y8 in plan. 

Drawing the perpendicular a! a and taking any point a 
on it (which is the plan of a and also of /3'), draw ay 
parallel to 1 and meeting the perpendicular from y in y. 

Draw yh parallel to 3, ah parallel to 2. ayh is the re- 
quired triaugle. A check is furnished by the fact that h'b 
should be perpendicular to the ground line. The actual 
stress in 1 is the resultant of forces represented by fiy 
and the resolved part of /3y perpendicular to the ground 
line. This resolved part is represented by the line jfo, 
and thus the hypothenuse of a right-angled triangle whose 
sides are /3 'y' and /3c represents the stress in 1. 

Examples. 

44. If HjHgHs is an equilateral triangle, side 2 inches, H 2 H 3 is 
perpendicular to the ground line, a is distant J inch from H t and 
1*8 inches from Hg, a' is 1J inches above xy, find the stresses in 
the three tripod legs. Find also the length of each leg. 

45. The figure shows the plan and elevation of. a derrick crane. 
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Find the traces of the line of intersection of the plane of the back- 
stays with the plane of the crane itself. Hence determine the 
stresses in the five bars of the frame. Length of backstays, 22 feet ; 





their feet 16 feet apart ; height of veitical post, 15 feet ; length of 
jib, 30 feet ; length of tie- rod, 18 feet; load, 1 ton. 

[Notice that we do, in effect, reduce the problem to one of coplanar 
forces. The resultant of the stresses in the two back legs must act 
in the plane of the crane itself.] 

46. Suppose the crane to be in the same position as in Example 
45 but to be pulling against a force of 1 ton acting in the plane of 
the jib and the tie-rod in a line whose elevation makes an angle of 
45° with the vertical. Determine the stresses in the five bax^. 



358 



EXAMPLES 



47. A framework and its dimensions are shown in plan B and 
elevation A. Determine the stresses in the various bars. 





48. The seat of a swing is a rectangle 24 x 18 inches, hung by four 
ropes, each 16 feet long, attached to its corners. The planes of the 
front and back ropes are vertical and the points of attachment of 
each pair of ropes 5 feet apart. A boy of 112 lbs. weight sits on the 
swing. Find the tension of each rope. If the seat is pulled for- 
ward by a horizontal force and held after being moved 6 feet 
horizontally, find the tensions in the ropes. Draw a plan and 
elevation. 
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the other attached at one end to a fixed point, passing under A and 
over B, and having a mass of 3 lbs. fastened to its other end. The 
parts of the strings not in contact with the pulleys are all vertical 
What weight must he attached to A to keep the system in equilibrium ? 

9. In a system of four pulleys consisting of a fixed block which 
contains two of them, and a movable block containing the others, the 
same rope passes continuously round all the pulleys. From the 
movable block is suspended a basket containing a man, the weight 
of man and basket being W. If another man standing on the 
ground pulls the free end of the rope, what force must he exert to 
raise the man and basket ? Neglect friction. 

If the free end of the rope is pulled by the man in the basket, 
what force must he exert for the same purpose ] [Army.] 

10. C 1 an a man who is being weighed in a large pair of scales like 
an ordinary balance alter his apparent weight, by pressing a stick 
against the beam of the scales ? 

11. A straight uniform heavy lever, used as a common balance, 
has unequal arms of length 12 inches and 12J- inches. A supposed 
pound is measured by hanging the body weighed from the shorter 
arm ; and then two separate supposed pounds by hanging from the 
nlwrter and longer arms in turn. If Gj is the customer's overweight 
in the first operation, and G 2 his net overweight in the pair of 
operations ; prove that G x = 49G 2 . 

12. Two railway carriages are coupled by a right- and left-handed 
screw coupling. Given that the pitch of each of these is J inch 
and the length of the tightening lever equal to 18 inches, find 
with what force the buffers are compressed if a pull of 50 lbs. be 
applied to the end of the lever. Neglect friction. 

13. A man rolling a cask of 3 feet diameter and weight 294 lbs. 
pushes it up a plane inclined at 20° by a force ajiplied at an 
upward inclination of 40° to a point 2 feet from the plane. Find 
the force and the work done in rolling the cask 20 feet up the 
slope. 

14. If ABCD is a rectangle such that the diagonal AC is twice the 
side AB, and forces of 2 lbs., 4 lbs. and 8 lbs. act along AB, AC and 
BD respectively, show that their resultant is parallel to BC and find 
its position. 

15. What is meant by (1) the arm of a couple ; (2) the axis of a 
couple ? Find the result of combining a couple of moment L with 
a force P acting in the plane of the couple. 
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16. In a vertical steam-engine the crank is 6 inches and the con- 
necting rod 3 feet long. The horizontal crank-shaft is supported in 
bearings whose centres are situated at distances of 1 and 2 feet 
respectively on either side of the vertical centre line. At the 
instant when the crank is horizontal, the vertical thrust exerted by 
the piston is 2500 lbs. Find the magnitude of the turning couple 
011 the crank-shaft and the direction and magnitudes of the thrusts 
on the bearings. 

17. One smooth book, considered as a uniform rectangular block 
of height a and thickness 6, leaning over at an angle a between 
books on either side of it on a smooth shelf will press against them 

. 1 * W a sin a - b cos a 

with a force -rr* 7 — = — • 

• 2 a cos a - b sin a 

18. The sides of a rigid polygon are acted on by forces at. right 

angles to the sides, and proportional to them in magnitude, all the 

force acting inwards on the plane of the polygon. Also the sides 

taken in the same order are divided by the points of application in the 

constant ratio p : q. Show that the system of force is equivalent to 

a (p — q) 
a couple of moment gj-r-r 2<r 2 , where pa represents the force 

applied to any side of the polygon and 2« 2 is the sum of the square 
of the sides. 

19. A truss of the form shown in the figure carries equal loads at 
each of the equally-spaced joints of the upper horizontal beam, and 
is supported by vertical reactions at its ends. The length of the 
horizontal tie-rod being half the span determine the ratio of depth 
to span in order that the pull in each tie-beain may be the same. 
Verify by drawing a reciprocal diagram. 




20. ABCD is a rectangular door working in two vertical grooves 
AB, DC. The weight of the door is 0*72 ton, and its depth AB 
is 6 feet. The door is being raised by a vertical force of 0*8 ton in the 
plane of the door acting 9 inches from the centre of the doQ^^cAVa, 
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consequence tilting the door slightly in its grooves so that contact 
occur* only at A and C. Show that the reactions at these points are 
0*1 ton, and calculate the coefficient of friction. 

21. The total weight of a four-wheeled railway truck is 5 tons, and 
its centre of gravity is midway between the front and back axles, which 
are 10 feet apart. The drawbar is 3 feet above rail level The 
axles arc frictionless, but the brakes can lock either set of wheels. 
Calculate the pull required to move the truck, (a) with both wheels 
locked, (b) only front wheels locked, (c) only rear wheels locked. 
Take p = 4. 

22. Two equal weights, W, rest on an inclined plane connected 
by a string lying along a line of greatest slope. If the coefficient of 
friction between the lower weight and the plane be J and that between 
the upper weight and the plane § and equilibrium be limiting, find 
the inclination of ihc plane and the tension in the string. 

23. A ladder 50 feet long, weighing 120 lbs., whose centre of gravity is 
20 feet from its lower end, rests with one end against a smooth vertical 
wall and the other on a rough horizontal plane at a distance of 14 
feet from the foot of the wall. 

Find the force of friction. Find also the coefficient of limiting 
friction, if suspending a weight of 20 lbs. from a point 40 feet up 
the ladder just produces slipping. 

24. A weight Q of small dimensions is fixed upon the surface of 
a uniform sphere, of weight W. The sphere is placed on a rough 
board, 20 feet long, one end of which rests on the ground, the other 
end being supported by a prop 1 foot high. The sphere isin equilibrium, 
with the radius through Q inclined to the radius through the highest 
point at an angle of 30°. Find the ratio of Q to W, and the least 
possible value of the coefficient of friction between the sphere and 
the board. 

25. A rod is guided so as to lift up and down freely in a vertical 
line. A wedge whose angle is a rests on a smooth horizontal surface 
and its thin edge is inserted beneath the lower extremity of the 
vertical rod. By means of a thrust applied horizontally to the wedge 
this lower end of the rod is made to rise in contact with the wedge 
along a line of greatest slope. Considering this arrangement as a 
machine for lifting the rod, and taking <p as the angle of friction 
between the rod and wedge, calculate (1) the mechanical advantage 
of the system, (2) its efficiency. 

26. A weight is just sustained upon a rough inclined plane by a 
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edge being horizontal. A uniform chain of length I is hung oyer 
the top. Find the greatest and least lengths of the vertical portion 
if the angle of friction between the plane and the chain is A. As a 
particular case take 1 = 2 feet, a = 50° and X = 20°. 

33. A cylindrical cask 3 feet in diameter weighing 200 lbs. is 
being rolled up a plank incline by means of a small crowbar 4 feet 
long. If the incline makes an angle of 15° with the horizontal, find 
the pull which must be exerted at the end of the har when the 
bar is perpendicular to the incline. 

34. ( )n a wheel and axle, the bearings of the axle being rough, 
P is the least downward power which will support a weight W and 
l y the greatest downward power which can be applied downwards 
without lifting W. Prove that 

(P + W)(Pn-W6) + (F + W)(P«-W6) = f 

where n is the radius of wheel and b of the axle. 

35. A straight lever ABC, whose weight need not be considered, 
reets with its end C on a rough horizontal floor, and its middle point 
B is pressed against a smooth support by a horizontal force applied 
at the top end A. Show that C will slip either forward or backward 
unless the angle of inclination of the lever to the horizontal lies 
bet ween 

2 tan _i y ami ^ ton _i (-7) 

/x being the coefficient of friction. 

Draw diagrams showing the forces acting on the lever in each of 
its limiting positions, taking /i = 0'5. 

36. Two rough planes of the same material are at right angles, and 
one of them makes an angle a with the horizon. A heavy rod 
resting upon them is about to slip, show that the normal pressures 
on the planes are — 

W cos X cos (a — X) and W cos X sin (a - X), 

where tan X is the coefficient of friction. 

37. Two children, each of weight W, are swinging on a see-saw, 
formed by placing a plank, of weight w, across a horizontal cylinder 
of radius c. 

When the plank has been turned through a given angle, find the 
moment of the forces tending to turn it back. 
Also, prove that the greatest angle through which the plank can 



MISCELLANEOUS EXAMPLES 365 

swing without slipping is double of the angle of friction between the 
plank and cylinder. 

38. A heavy body is supported on a smooth inclined plane by a 
force whose direction makes an angle /8 with the plane. Find the 
force, and show that the pressure on the plane is — 

w COB_(«±g), 

w cos/3 

where W is the weight and a the inclination of the plane to the 
horizon. Explain the double sign. 

Also, taking the upper sign, explain the cases where — 

(1) a + = 90° ; (2) a + & > 90°. 

39. A uniform heavy rod, 6£ inches in length, is suspended from 
a point by two strings 6 inches and 2£ inches long respectively. 
Prove that, in the position of equilibrium, the rod makes an angle 
2 tan- 1 A- with the vertical. 

40. A uniform window 7 feet in height weighing 40 lbs. is 
pivoted 2 J feet from the top. It is held open in a horizontal 
position by a cord which connects the top of the window with a 
point 6 feet vertically below the pivots. Find, by a graphical method 
or otherwise, the tension of the cord and the thrust on the pivots. 

41. A two-wheeled carriage, of weight W, has to be drawn over 
an obstacle of height ft, which lies across the road, by means of a pull 
applied by horizontal traces at the level of the axles. Show that this 
pull must be at the least of magnitude 

a-h ' 

a being the radius of the wheels, in order to surmount the obstacle. 

42. If a uniform heavy rod hangs from a peg by two strings, whose 
weight is neglected, each equal in length to the rod, find the tension 
of the strings. 

If the strings are replaced by uniform heavy rods, like the original 
rod, freely jointed at all the angular points, find the direction and 
magnitude of the resultant action at the lower joints. 

43. A uniform rod is placed between two equally rough planes, 
one of which is vertical and the other inclined at with it, and just 
rests where it makes, equal angles with both, prove that — 

sin 2 - - u 2 cos 2 - = m cot -. 
. 2 * 2^2 
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44. A uniform rod rests over a smooth fixed sphere, one end 
pressing against a smooth vertical plane which touches the sphere ; 
if is the angle which the rod makes with the vertical in the 
position of equilibrium, I its letigth, and a the radius of the sphere, 
prove — 

, a = 21 sin - cos 3 -. 

2 2 

45. A uniform beam A8 turning about a hinge at A touches a 
smooth hemispherical surface at B. The base of the hemisphere is 
rough and rests on a horizontal plane passing through A, the coefficient 
of friction being /*. If W = weight of hemisphere and it; that of the 
beam, find the greatest weight that can be placed at the centre of the 
beam without producing motion, the length of beam, and radius and 
position of hemisphere being given. 

46. Two fixed bars in a vertical plane are each inclined at 45° to 
the vertical. The ends of a string are tied to rings each of weight W^ 
which slide without friction on the bars. From the string a weight 
W 2 is hung. Prove that each half of the string will make an angle 
with the vertical given by 

tan = 1 + 2 _^i. 

47. A string 6 inches in length has one end tied to a fixed point 
and the other end to a small ring B. A second string is attached 
to a point in the same horizontal line as A and 10 inches from 
it — passes through the ring B and supports a weight of 11 lbs. 
Prove that if B is the inclination of the first string to the 
horizontal 

lOcos 2 0-3 cos e - 5 = 0. 

48. A uniform beam ABC is placed with one end A on a smooth 
fixed hemispherical bowl whose rim is in a plane inclined at a° ; the 
beam is longer than the diameter of the bowl and rests upon the 
rim. If r is the radius of the bowl and 2a the length of the beam, 
and the angle of inclination to the horizontal, show that 

2r co (2a ± a) = a cos 0, 

49. A uniform heavy plank AB, length 2a, weight W, is held at 
a given inclination a to the vertical by a rope attached to the end 
B, and passing over a pulley C Tftui \>\jX\s.^ \* ox. ^V^cx, *& K feet, 
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on a smooth horizontal plane, being kept in position by a string 
10 feet long joining their middle points. Find the tension of this 
string and the reaction at the hinge. 

55. A uniform hoop weighing 2 lbs. rests horizontally on pegs 
ABC; the arcs AB, BC, CA subtending 130°, 100° and 130° at the 
centre. A weight of 14 lbs. is tied by strings AD and ED 24 and 30 
inches long to A and to the mid point £ of the are BC. Find the 
pressures on the pegs. 

56. A camp stool, whose legs are pinned together at their middle 
points, and are each 2 feet 6 inches long, and the canvas seat 
18 inches across, ha \ a smooth weightless board placed symmetrically 
upon it, and a weight of 100 lbs. placed on the middle of the board. 
Find the tension of the canvas. 

57. Two equal beams ABC, BCD, each 10 feet long, are placed 
side by side, overlapping by the length BC, namely, 4 feet. They 
are lashed together at B and C and placed with the ends A and D 
resting on two supports in the same horizontal line. Each beam 
weighs 200 lbs., and a load of 1200 lbs. rests on the middle part 
of AB. Assuming the beams to be in contact only at B and C, find 
the reactions at B and C and the pressures on the supports. 

58. A uniform rod ACB rests against a smooth floor at A and a 
smooth wall at B, and is prevented from slipping by a rope tied to 
C and to the foot of the wall. Calculate the tension of the rope in 
terms of AC, AB, and the weight of the rod. Examine the cases 
(a) AC greater than half AB, (b) AC very nearly equal to half AB. 




59. The outline of a roof is shown in the diagram. Loads of 600 lbs. 
act at each of the points BCDFGH, and at A and K are loads of 
300 lbs. The forces indicated in -the diagram arise from wind 
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66. A uniform heavy triangular lauiina ABC is freely suspended 
at A. Determine the position of rest. 

If weights equal to the weight of the lamina are hung at B and 
(', show that the position of equilibrium U the same as if the 
portion GBAC liad lost its weight, G being the centre of gravity of 
the lamina. 

67. Find the centre of gravity of a portion of a body, given the 
weight and the centre of gravity of the remainder of the body and of 
the whole body. 

A circle of radius r touches another circle of radius r internally at 
B. Prove that the centre of mass of a disc whose form is that of the 
figure enclosed between the two circles is at a distance (r* -i-fT* +1^) 
-5- (r + r) from the point B. 

68. If any number of forces in one plane acting on a rigid body 
have a resultant, the algebraic sum of their moments about any point 
in their plane is equal to the moment of their resultant. 

Forces respectively proportional to cos B — cos C, cos C- cos A, 
cos A -cos B, act along the sides BC, CA, AB of a triangle ABC. 
Prove that the line of action of their resultant passes through the 
centres of the inscriljed and circumscribed circles. 

fii). A piece of paper is in the form of a square A BCD (uniform 
in thickness and material) ; is the centre of the square, and E, F 
are the middle points of the sides AB, AD respectively. The paper 
is folded across EF so that A coincides with 0. Find the centre of 
gravity of the paper when so folded. 

70. is any point inside a triangle ABC ; show that forces along 
OA, OB, OC whose magnitudes are proportional to OA x area of the 
triangle BOC, OB x area of COA, OC x area of AOB respectively, 
are in equilibrium. 

71. A uniform plate is in the form of a rhombus, and one corner 
formed by joining the middle points of two adjacent sides is cut off. 
The plate is then suspended from a vertex. Show that the angle which 
the diagonal through the vertex makes with the horizontal has its 

tangent equal to ttt-, where d, d' are the lengths of the diagonals. 

72. At the angular points of a square are placed equal particles of 
the same attracting matter. If the force of attraction varies as the 
distance, show that the resultant attraction at all points on the circum- 
scribing circle is the same. 

73. A rectangular trap-door ABCD, weighing 100 lbs., is 
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supported in a horizontal position by two hinged at EF, two points 
in BC, and by a string attached to A. The string is fastened to a 
nail vertically above B, and is inclined at 45° to the horizontal. 
Draw diagrams showing (1) the vertical forces acting on the door, (2) 
the forces parallel to AB acting on the door. Hence find the reactions 
at the hinges, excluding any force there may be between the hinges in 
the direction of the line joining them. AB=2 feet, BC=4 feet, 
BE=FC=l-5feet. 

74. A string AB fastened to a fixed point A has a weight of 25 
lbs. tied to the point B. Another string, BC, knotted to the first 
at B passes over a pulley and carries a weight of 11 lbs. Given 
AB = 24 inches, AC horizontal = 36 inches, find the tension in AB 
and the depth of B below AC. 

75. Assume that the pressure of wind against a fixed plane acts 
at right angles to the plane and is proportional to the cosine of the 
angle which the wind makes with the normal to the plane. Find the 
position of the plane in order that the thrust on it, in a direction 
perpendicular to the wind, may be a maximum. 

[This result shows how the sails of a wind-mill should be 
set.] 

76. The bracing of the crane shown in the accompanying figure 
consists of isosceles triangles having equal bases upon the outside arc, 

i i 




whose radius is 30 feet. The radius of the inner arc is 28 feet, and 
the bars A and C are 8 feet apart at the ground level. Determine 
graphically the stresses in the bars A, B and C when the ccaiw, \& 
supporting a 5-ton load in the manner shown. 
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77. The loads and dimensions of a braced pier are shown in 
the right-hand figure on p. 371. Construct Bow's figure for the 
framework and draw up a table showing the stresses in the various bars. 

78. The accompanying figure represents a grab used for lifting stone 
blocks. The flat grips £ and C are pressed against the side of the 

block by levers ABC, DBE freely hinged 
at B, and if the mechanism is suitably 
designed, the friction between the grips 
and the block is sufficient to lift the 
block. The block shown is a cube 
having an edge of 4 feet. Show that if 
the coefficient of friction between the 
grips and the block is \ the grab 
will be able to lift the block. Calculate 
also the least coefficient of friction for 
which this is possible. 

79. A sliding door rests on two 
wheels which run on a horizontal rail 
The centre of gravity of the door is 5 feet above the rail level and 
the two wheels are spaced 3 feet on either side of the vertical through 
the centre of gravity. 

The door is pushed forward by a horizontal force applied at a height 
of 4 feet above the rail level. The first wheel is seized in its bearings 
and refuses to turn, and the other rotates freely. Calculate the force 
required to move the door. The weight of the door is 800 lbs. and the 
coefficient of friction for the wheel sliding on the rail is 0*2. 
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